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Topic of Lecture: Introduction to Fourier transforms.
Fourier transforms pair.

Introduction :

For every time domain waveform there is a corresponding frequency domain waveform, and vice
versa. For example, a rectangular pulse in the time domain coincides with a sine function [i.e.,

sin(x)/x] in the frequency domain. ...

Prerequisite knowledge for Complete understanding and learning of Topic:

Waveforms that correspond to each other in this manner are called Fourier transform

pairs.

Detailed content of the Lecture:

Find Fourier Transform F(X) :{ X if Ixl=<a
0 iflxlza

Solution:
Given that,

F(x):{X if Ixlsa
0 if Ixlza

Forier Transform,

F(s)=1V2m [~ f(x)e ™ dx




=1N2m f_aax e's* dx
[e®=cosO+i sind]
[e*=sx(8 = sx)]
=1N2n f_aa x(cos sx + i sinsx)dx
=1N2n f_aa{(x cos sx) + i sin sx)}dx
=12n f_aa{(O + i x sin sx)dx
=2il2m [ x sin sx dx

[fudv =uwv—u'vl+u"v2....]

u=x dv=sin sx
u =1 v=-COSSX/S
u” =0 v1=-sin sx/s?

L (-22) - (222

:i\/E/T[ [(_ acc;ssa) n sizzsa _ (0 n 0)]

F(S):l \/E/Tl' [sinsa—a coss a]

s2

Video Content / Details of website for further learning (if any):

https://www.youtube.com/channel/lUC 4NoVAkQzeSaxCgm-t025A

Important Books/Journals for further learning including the page nos.:

1.Ronald N.Bracewell — The Fourier transform and its application , 2" Edition, 1986,

Page.No : 5-7
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Topic of Lecture :Statement of Fourier integral theorem.

Introduction :

he shift theorem: If f(x) has the Fourier transform F(u), then f(x — a) has the Fourier transform
F(u)e=2mau_ . The convolution theorem: If the convolution between two functions f(x) and

g(x) is defined by the integral

Prerequisite knowledge for Complete understanding and learning of Topic :

A mathematical theorem stating that a PERIODIC function f(x) which is reasonably

continuous may be expressed as the sum of a series of sine or cosine terms.

Detailed content of the Lecture:
State Fourier integral theorem.
Solution:
If f(X) is piece wise continuous and absolutely integrable in ( —oo, ), then

O .
f(x)=§ f_ f_ f()es&=Ddtds

This is known as Fourier integral theorem or Fourier integral formula

2. Write down the Fourier transform pair.

Solution:

If f(x) is a given function, then F[f (x)] = \/%f_wwf(x).eisxdx = F(s)

and f(x) = \/%f_woo F(s).e "*ds are called Fourier transform pair.




Video Content / Details of website for further learning (if any):
https://www.youtube.com/watch?v=ZZfRuPpRX-0

Important Books/Journals for further learning including the page nos.:

1. Ronald N.Bracewell — The Fourier transform and its application , 2 Edition, 1986,
Page.No : 5-7
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Topic of Lecture : Fourier transforms pair.
Fourier Cosine Transform.

Introduction :

Fourier transform (FT) is a mathematical transform that decomposes functions
depending on space or time into functions depending on spatial or temporal frequency, such
as the expression of a musical chord in terms of the volumes and frequencies of its
constituent notes.

Prerequisite knowledge for Complete understanding and learning of Topic :

Volumes and frequencies of its constituent.

Detailed content of the Lecture:

Find The Fourier Cosine Transform Of Function f(x) =cos x if 0K x<a

0 ifa<x <0
Solution:
Given that,
Cosxif0<x<a
F(x)= 0 ifa<x<0

Fourier cosine transfourm :

Fe(s)=v2/m f0°° f(x) cos x
_VZ(a
=-J, cosxcosxdx

[cosAcosB=1/2(cos(A+B)+cos(A-B)]




= % J;© 1/2(cos(x+sx)+Ccos(x-sX)

=1/2%= f [cos(1+s)x+cos(1-s)x]dx

_ V2 [sm(1+s)a sin(1— s)a]
“Vavavmr L1+ 0

:1/\/21_[ [sin(1+s)a + sin(l—s)a]
1+s 1-s

FC(S) =l/\/27'[ [(1—s)sin(1+s)a+(1+s)sin(1—s)a ]

1+s?

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=bKTzqldk-Hg

Important Books/Journals for further learning including the page nos.:

1.Ronald N.Bracewell — The Fourier transform and its application , 2™ Edition, 1986,

Page.No : 5-7
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Topic of Lecture :Fourier sine transforms.

Introduction :

In mathematics, the Fourier sine and cosine transforms are forms of
the Fourier integral transform that do not use complex numbers. They are the forms
originally used by Joseph Fourier and are still preferred in some applications, such as signal
processing or statistics.

Prerequisite knowledge for Complete understanding and learning of Topic :

They are the forms originally used by Joseph Fourier and are still preferred in some
applications, such as signal processing or statistics.

Detailed content of the Lecture:

Find Fourier sine transform of

F(x)= Sin X If O<x<a
0 If 0>a

a<x<0
Fourier sine transform:

Fs (S)=\2/n f0°° f(x)sinsxdx
N2/m [ sinx sinsx dx

sinAsin B= [%2 cos(A — B) - cos(A + B) ]

[ DA 90— cox(x+50) el




=1/2\2/m [sin(x— sx) - sin(1 + s)a

=1/\/2n [sin(l—s)a _ sin(1+s)a]

1-s 1+s

Fs(S)Z:I./\/z,t [(1+S) sin(1-s)a _ (1-s) sin(1=5)a]

1-s 1-s

Using Fourier Sine Transform of e, a>0 and deduce that

* S i — T q-ax
Jy —,zsinsxdx=7e

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=0USI-48ovJI

Important Books/Journals for further learning including the page nos.:

1.Ronald N.Bracewell — The Fourier transform and its application , 2 Edition, 1986,
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Topic of Lecture :Fourier cosine transforms.

Introduction :

Fourier Transform of the Sine and Cosine Functions
Equation [2] states that the fourier transform of the cosine function of frequency A is an impulse
at f=A and f=-A.

Prerequisite knowledge for Complete understanding and learning of Topic :

That is, all the energy of a sinusoidal function of frequency A is entirely localized at the
frequencies given by |f|=A.

Detailed content of the Lecture:

Using Fourier Sine Transform of e®*, a>0 and deduce that
;. —sinsxdx =% e™
a“+s

Given that

F(xX)=e®, a>0

Fourier sine transform.

2 re .
Fs(s)= \Efo e — ax Sinsx dx
=2/ [, e—axsinsx dx

Fs(s) =V 2/ T [#]

Inverse fourier sine transform:




F(X)=2/mf,” Fs(s)Sinsx ds
=2/nfs J2/m(mz) sinsx ds

2/n ), (o) sinsxds =1fx

[e] S - -
o (Gz) sinsxds =~ e™

a?+s?

Video Content / Details of website for further learning (if any):

https://www.youtube.com/channel/UC 4NoVAKkQzeSaxCgm-t025A

Important Books/Journals for further learning including the page nos.:

1.Ronald N.Bracewell — The Fourier transform and its application , 2" Edition, 1986,
Page.No : 17-20

Course Faculty
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Topic of Lecture :Properties.

Introduction :

Fourier transform of the Fourier transform is proportional to the original signal re- versed in
time. ... The time-shifting

Prerequisite knowledge for Complete understanding and learning of Topic :

Property identifies the fact that a linear displacement in time corresponds to a linear phase
factor in the frequency domain.

Detailed content of the Lecture:

1.Without finding the value of a, , a,,&b,, for the function f(x) = x? in (0, ), find the value of aT"z +
n=1(an® + bnz)
Solution: Given f(x) = x? in (0,m)
By Parseval’s Theorem
2
S Ty (@n? + by?) == [ ()] 2dx

—1 (7 272 _n*
—nfo[x]dx—s.

2. If f(x) = 2x in the interval (0,4), find the value of a,.

Solution:




Given f(x) = 2xin (0,4)

1 4 21X
ay = - [ 2x cos=~ dx

_ 14 4
=~ Jy 2x cosmxdx = [ x cosmxdx

_ [x [sinnx] —m —cosnx”: _

b3 2

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=wAMXETEtRos

Important Books/Journals for further learning including the page nos.:

1.A.Neel Armstrong — Transform and partial differential Equations , 2 Edition, 2011,

Page.No : 2.36-2.43
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Topic of Lecture :Transforms of simple functions.

Introduction :

Fourier transform of the Fourier transform is proportional to the original signal re- versed in

time. ... The time-shifting.

Prerequisite knowledge for Complete understanding and learning of Topic :

property identifies the fact that a linear displacement in time corresponds to a linear phase factor

in the frequency domain.

Detailed content of the Lecture:

1.Write the Dirichlet’s conditions on the existence of Fourier series

Solution:

Any function f (x) can be developed as a Fourier series in any one period, provided
i) Itis periodic, single valued, finite.

i) The number of discontinuities if any is finite.

iii) The number of maxima and minima if any is finite.

2.0btain the first term of the Fourier series for the function f(x) = x?2, (—m, ).

Solution:

Given f(x) = x?,—m < x < 1 is an even function




Hence b, = 0and f(x) = % + ) ApCOSNX..............

First term of the Fourier series is ?
2
a, = ;fonf(x)dx

2 2 x3 2 w3
= Jo x*dx =2 (F =[5~ 0]

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=bKTzqldk-Hg

Important Books/Journals for further learning including the page nos.:

1.A.Neel Armstrong — Transform and partial differential Equations , 2 Edition, 2011,

Page.No : 2.36-2.43
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Topic of Lecture :Convolution theorem.

Introduction :

Convolution is a mathematical way of combining two signals to form a third signal. It is the
single most important technique in Digital Signal Processing.

Prerequisite knowledge for Complete understanding and learning of Topic :

Using the strategy of impulse decomposition, systems are described by a signal called the
impulse response.

Detailed content of the Lecture:

1.Find the Fourier Cosine transform to evaluate fooo dx / (a?+x?)(b?+x?)

Solution:

Given that:
[y dx/ (@®+x?)(b*+x2)
f(x)=e®  g(x)=e™

Fourier Cosine Transforms:

F(s) = V(2) £ (x) cos sx dx

Fe(S) = V) (al(a%+5%)
Ge(s) =J; V) [, e™cossx dx

Ge(s) = V) (bl(b?+s?))




Parseval’s identity of Fourier Cosine Transform:
= [y FclS] Gel[Slds = [;” £() g(x) dx
= [y VO (@/(a*s9)N ) (bl(b*+))]ds = [ e™e™ dx
= (2/m)[;"[ab / (a%+s?)(b2+s?)]ds = [, e dx
= (2/m)[; [ab /(a*+s?)(b*+s?)]ds =[e”/-(a+b)]-[-e"/-(a+b)]
= (2/m)[,"[ab / (a®+s?)(b?+s?)]ds = O+ 1/a+h
REPLACE ‘S’ BY ‘X’,

J,” doxl(@%+x?)(0?+x?) = n/2ab(a+b)

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=wAMXETEtRos

Important Books/Journals for further learning including the page nos.:

1.Ronald N.Bracewell — The Fourier transform and its application , 2" Edition, 1986,
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Topic of Lecture : Parseval’s identity (Problems)

Introduction :

Convolution is a mathematical way of combining two signals to form a third signal.
It is the single most important technique in Digital Signal Processing.

Prerequisite knowledge for Complete understanding and learning of Topic :

Using the strategy of impulse decomposition, systems are described by a signal called the
impulse response.

Detailed content of the Lecture:
Find the Fourier Sine transforms to evaluate

J,” doxl(@%+x?)(0?+x?)
Solution:

Given that:
J,” doxl(@%+x3)(0?+x?)

f(x)=e®  g(x)=e™

Fourier sine transform:
Fs(s) =V (i) f(x) sinsx dx
F«(S) = VO (s/(a+s?)
Gs(s) =,V (%) J,” e™sin sx dx

Gs(s) = V() (s/(b*+s?))




Parseval’s identity of Fourier Sine transform:

Jy FS[S] Gs[SIds = f” £(x) g(x) dx

I VG (s/(@*+) V) (slb*+s)]ds = [, e™ e dx
@m)[; [s*(a2+s?)(b2+s%)] ds = [e”/-(a+b)]-[-e%-(a+b)]

(2/m) [, [s*/(a®+s?)(b*+s?)] ds = O+ L/a+b

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=wAMXETEtRos

Important Books/Journals for further learning including the page nos.:

1.Ronald N.Bracewell — The Fourier transform and its application , 2™ Edition, 1986,
Page.No : 108-112

Course Faculty
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Topic of Lecture:Z- transforms and Elementary properties

Introduction :The z-transform plays a similar role for discrete systems, i.e. ones where sequences are
involved, to that played by the Laplace transform for systems where the basic variable t is continuous.
Specifically:
1. The z-transform definition involves a summation
2. The z-transform converts certain difference equations to algebraic equations
3. Use of the z-transform gives rise to the concept of the transfer function of discrete (or digital)
systems.
Prerequisite knowledge for Complete understanding and learning of Topic:

1. Summation

2. Z-Transform Formula

3. Properties

Detailed content of the Lecture:
L Find Z - Transform of a®
Solution :

7{f(n)} = Z f(n)z ™
n=0

2. Find the Z Transform of n.
Solution :
W.KT Z{f(n)} = Y=o f(M)z™"




=0e(2)42() +3() - () =%

3. Find Z -Transform of na™

Solution : Z[a"n] = Z[n]z—% :[_(2—1)2]2 5:[(2-1)21:[5(2—61)2] = G
4. Find Z — Transform of cos%ﬂ and sin%
Solution :
Y W.K.TZ 9] z(z — cos0)
i K. cosnf| =
) z%2 —2zcos0 + 1
_ E) 2
Put 6 = %, we get Z [cos %] o Jemeos) 2

zZ—ZZcos§+1_zz+1'
zsinf
z%2 —2zcos0 + 1

zsinz
2

ii) Z[sinnf] =

_ z

T . nm _
Put 6 = > Wwe get Z [sm 7] =

zz—chos§+1_22+1
. 1

5. Find Z - Transform of -
Solution :

z{f(m)} = if (n)z™
2[]=55G)6)" =16) +36) +3() =tos (1 -3)=08 ()
6. Prove that Z [—] = z. log( )
Solution : Z[—] Yo n+1( ) 1+ i(—) (1)2 + =z

<ol tog(1 )] =100 G5)

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=RY XIHkqqdh8

Important Books/Journals for further learning including the page nos.:

1.A.Neel Armstrong — Transform and partial differential Equations , 2 Edition, 2011,
Page.No : 5.1-5.33
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Topic of Lecture:Initial and final value theorem

Introduction :The z-transform plays a similar role for discrete systems, i.e. ones where sequences are
involved, to that played by the Laplace transform for systems where the basic variable t is continuous.
Specifically:
1. The z-transform definition involves a summation
2. The z-transform converts certain difference equations to algebraic equations
3. Use of the z-transform gives rise to the concept of the transfer function of discrete (or digital)
systems.
Prerequisite knowledge for Complete understanding and learning of Topic:

1. Theorem Statement

2. First Shifting Theorem

3. Second Shifting Theorem

Detailed content of the Lecture:
1. Initial value theorem

Statement : Z[f (n)] = F (Z) then f(0)= lnglo F(Z)

Proof
ZIf(m)] = F(Z) =X f(0)z™"
F(Z)=f(0) +12+ 184

. L f) | f)
Jim F(2) = Jim (£(0) + 52+ 520+
~ f(0) =1lim F(Z)
Z—00
2. Final value theorem
Statement : Z[f(0)] = F(Z)then lilg f(n) = linll(z —1)F(Z)

Proof
Z[f(n+ 1) — fW)] =X5=f(n+ 1) — f(m)]z™"
Z[f(n+ D] - Z[f ()] = Xa=olf(n + 1) = f(n)]z™"




2F (@) = 2f (0) = Tamol f(r + D = f (]2
(z = DF(2) = 2 (0) = Tizolf (n + 1) = f(n)] 27"
lim(z = DF(2) — lim 2£ (0) = lim E32[f (n + 1) — f(n)]z ™"
lim(z — DF(Z) = £(0) = Sl f(n+ 1) = F ()]
lim(z — DF(Z) = £(0) = lim {[f(1) = FO)] + - [f(n + D) = F]}
lim(z — DF(Z) = £(0) = lim [£ ()]

- lim(z — F(Z) = lim f(n)

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=5nQ03xrxkVw

Important Books/Journals for further learning including the page nos.:

1.A.Neel Armstrong — Transform and partial differential Equations , 2 Edition, 2011,
Page.No : 5.15-5.33
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Topic of Lecture:Inverse Z - transforms — Partial fraction method

Introduction:
IfF(Z)isarational functioninwhichthedenominatorisfactorisable , F(Z)isresolve
intopartialfractionsandthenz™*[F(Z)lisdividedasthesumoftheinverseZtransforms

Of thepartialfractions .
1 A B . 1 A

) e et Wooer e
iii) 1 A | Bz+c
(z-b)(z2+b)  z-a = z2+b

c
(z—b)?

B
+E+

Prerequisite knowledge for Complete understanding and learning of Topic:
1. Z-Inverse Property
2. Partial Fraction Method
3. Factorize

Detailed content of the Lecture:
1. Find 21 [—]

(22+7z+10)
Solution :
Z VA
Y(Z)_(22+7z+10)_(z+5)(z+2)
Y(Z) 1
Z (z+5)(z+2)
1 A N B
(z+5)(z+2) (z+2) (z+5)
1=A(@z+5)+B(z+2)
Put z=-2=A(=2+5)+B(=2+2) 1:>3A:>A=§
Put z=-5= A(=5+5)+ B(=5+2) 1:>—3B:>B=—§

1

vz A B :
Z @12 @5 @+2) TG+s)

W | =




1 z 1 z
Y(2)=3 (z+2) 3 (2+5)

27 y@)] = %Z_l [(z JZr 2)] _%Z_l [(z JZr 5)] 2t - =

Y =3 (=2)" =5 (=5)" y@) = 2[-2)" — 2 (-5)"]

z(z2 —z+2)

2. Find the inverse Z transform of Tt D) @r2) by partial fractions

Solution :
z(z2—z+2)
(z+ 1)(z—1)?
Y(Z)  z-z+2
z (z+1D(z—-1)?
72—z +2 A B C
CrDGE-1? G+D) -1 -2
z2—z+2=A(z—1)?+B(z+1D)z-1)+C(z+1)
Put z=-1=>(-1)2-(-1D)+2=A4(-1-1)?+B(-1+1)+C(-1+1)
4=4A=>A=1
Put z=1=>1)?-(1)+2=40-1)*+BA+1)+CA+1)
2=2C=>C=1

Equating coefficient of z2  1=A+B
B=1-A=B=0

vz A B c 1 0 1
AT M M T M MR,
v .
Z GrD @o1p
z7 [Y(Z)] =z [(zj-l)] +z7 [(2_21)2] = Z7 [ﬁ] = ()"

yn)=(-D"+n ~zZ1 [(Z _Zl)z] =n

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=XRWaKZoJVZY
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Topic of Lecture:Residue method

Introduction :The residue theorem, sometimes called Cauchy's residue theorem, is a powerful tool to
evaluate line integrals of analytic functions over closed curves; it can often be used to compute real
integrals and infinite series as well.

Prerequisite knowledge for Complete understanding and learning of Topic:
1. Residue method
2. Poles and Order
3. Formula

Detailed content of the Lecture:

1. Find Zz71 [%] by residues

Solution :

z(z+1)
(z-1)3

Y(Z2) =

Z=1 is a pole of order 3

n—-1 _ Z(Z+1) n—-1
Y(Z)z" 1 = D°

n—1 _ z™"(z+1)
Y(Z)z" 1 = yEne

Residue for the pole z=1

1 _ 1 d? 3 Z"(z+1)
ReSz:ly(Z)Zn - LtZ—>1 ;E(z - 1) (2_1)3
1 d?
:Ltz_,l 21 dz2 (Zn+1 + Zn)

1 d _
= Ltz—»lZ [((n+ 1)z"+ (n)z" 1]

:% Lt, 1 [(n+ D)z 1+ (n)(n + 1)z™2]




= [+ D@D + M)(n + 1)(1)"?]

[n%? + n+n% —n]

N | =

= [2n?]
Res,_1Y(Z)Z"1 =n?

y(n) = sumof theresidues  y(n) = n?

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=9BJBMooYeDE
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Topic of Lecture: Convolution theorem

Introduction :Convolution is a mathematical way of combining two signals to form a third signal. It is
the single most important technique in Digital Signal Processing. Using the strategy of impulse
decomposition, systems are described by a signal called the impulse response.

Prerequisite knowledge for Complete understanding and learning of Topic:
1. Convolution method
2. Convolution Property
3. Geometric Progression

Detailed content of the Lecture:

. . ; -1 I
1. Using convolution theorem,findz [(2_4)(2_3)]
Solution :
-1 z? = =1 2\ -1 %
z [(2—4)(2—3)] —7 (2—4) z (2—3)
- 41’1*311
- 1‘)'}=0 4‘)" 31’1—7"
= 3" 2r=04" 37"

4
=3" gzo(g)r

4 4 4
=3"(1+;+ (5)2+ ................. ™)
Geometric series: atar+ar?+........ +ar™

T A a(r™tt-1)
r—1
_-n+1

I — (=)




4JN+1_gn+1

=3 =]

3

4n+1_3n+1*3

= 3n[ 3n+1 I]

4n+1_3n+1 3
—2Nn % —
=3l

=4nt+l _ 3n+l

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=6XI1X5Z3ZMHQ
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Topic of Lecture:Convolution theorem

Introduction :Convolution is a mathematical way of combining two signals to form a third signal. It is
the single most important technique in Digital Signal Processing. Using the strategy of impulse
decomposition, systems are described by a signal called the impulse response.

Prerequisite knowledge for Complete understanding and learning of Topic:
1. Convolution method
2. Convolution Property
3. Geometric Progression

Detailed content of the Lecture:

. . -1 L —(—_1\n
1. Using convolution theorem,z [—(z+a)(z+b)] D"

Solution :
Z[f(n)*g(n]=F[Z].G[Z]

f(n)*g(n)=z"*[F(2).G(2)]
=z71F(2).z71G(2)

| LA, M Y N IR T
z [(z+a)(z+b)] z [z+a]*Z [z+b]

- z
2z 1 [— =q"
zZ+a

=(—a™) * (=b)"
=f(n)*g(n)

By convolution definition,

f(n)*g(n)=Xr=o f(g(n — 1)

(@)™ * (=b)"=Tr_o(~a)T (~b)""




—vn (_r D"
- T=0( a) (—b)r

=(=b)" Eoo(5)"

=(=b)" X=o()"

n+1_bn+1

a\r_1a
2r=0G) =l

=(—1)"b" bin [M

a-b
gntl_pn+i

=D

bn+1_an+1

=D

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=6XIX5Z3ZMHQ
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Topic of Lecture: Formation of difference equations

Introduction:

A difference equation is formed by eliminating the arbitrary constants from a given relation. The
order of the difference equation is equal to the number of arbitrary constants in the given relation.
Following examples illustrate the formation of difference equations.

Prerequisite knowledge for Complete understanding and learning of Topic:
A difference equation is relation between the differences of an unknown function at one or
more general values of the argument.
Ex: Ay(n+2)+y(n)=2
Detailed content of the Lecture:
Form the difference equation from y, = a + b3™
Solution:
Given: y, =a+ b3"
VYne1 =a+b3™1 =a+3bp3" ---(1)
VYniz = a+b3™2=a+9bh3" ---(2)
Eliminating a and b from (1) and(2)

Vn 1 1
Yner 1 3|20
Yntz 1 9

Yn ([9 - 3] - (1)[9Yn+1 - 3yn+2] + (1)[yn+1 _yn+2] =0
6Yn —9Yn+1 +3Vn42 + Ynt1-Yns2 =0
2Yn42 —8Yn41 + 6y, =0

2. Form the difference equation from y,, = (4 + Bn)2"
Solution:
Given: y, = (A + Bn)2"=A2" + Bn2"

VYne1 = A2 + B(n + 1)27+1
Vne1 = 2A2" +2B(n+ 1)2™ ---(1)
VYoo = A2M2 + B(n + 2)2M2
Vns+2 =4A2™" +4B(n+ 2)2" ---(2)




Eliminating a and b from (1) and(2)

Yo 1 n
Yns1 2 2(n+1)

yn+2 4 4(" + 2)

Yo [8(n+2)-8(n+1)]-(D)[4(N+2)yn+1 — 2(n + 1) Yniz | + (M) [4Vn41 -2Yn2]=0
Yn [8n+16'8n'8]'(4n+8)yn+1 +(2n+2)37n+2 +4ny,iq 'Znyn+2 =0

=0

(2n+2'2n)yn+2 + Vn+1 ('4n'8+4n)+37n [8]:0

2Yn+2 — 8Yn41 8y, =0

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=_A-o0zcPiFvg
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Topic of Lecture: Solution of difference equations using Z - transforms

Introduction : Using the initial conditions, we get an algebraic equation of the form F(z) = f(z). By
taking the inverse Z-transform, we get the required solution f, of the given difference

equation. Solve the difference equation yn+1 + yn = 1, yo = 0, by Z - transform method. Let Y (z) be
the Z -transform of {yn}

Prerequisite knowledge for Complete understanding and learning of Topic:
1. Formation of Difference Equations
2. Poles and order
3. Residue Method

Detailed content of the Lecture:
1. solve(¥pi2) + 4(Vns1) + 3y, = 2™ with yo = 0 &y, = 1 using Z-transform.

Solution:
Z(Yn+2) + 4Z(Yn42) +3Z(yn) = Z(27)

z2y(z) — z%y(0) — Zy(1) + 4(Z(y(2) — zy(0)) + 3y(2) = %

22y(2) =0~ 2+ 4(Z((2) - 0) +3y(@) = ~—

z
y(2)(z*+4z+3) = PR

D@+ Dz +3=—— 42

z—2
y(z) = - + ~
z-2)z+1)(z+3) (+D(z+3)
y(z) = i il

Z-DG+DGz+3)  +DEz+3)

ZTL

_1 — : — - -
Res[z"" y(2)].=; = lIm(z - 2) (. 5 s




n

_z—>12 (z+1)(z+3)
=
15
Zn

n-1 = 1i G EEEEE—
Res[z"™" y(2)]z=-1 = EB}(Z +1) (z-2)(z+1)(z+3)

_ D" _=»"
(=3)(2) -6

) ™
Res[z"™" y(2)]z=—3 = lim(z + 3) (z- 2)(z+1)(z+3)

_ (=3 _=3)"
T(-5)(-2) 10
n—-1 —_—
ReS[Z :V(Z)]z——l - llm(Z + 1) (z+1)(z+3)
_(=n"
2
n-1 _( Dl
Res[z™ ! y(2)],=—3 = llm(z +3)

(z+1)(z+3) (-2)
Res[{z""1y(z)} = sum of residues

2" (=D =Dt (=), ()
"t T 2 10  (-2)

_2" 1. aNn _2/_ayn
=t ED =0 (=3)

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=9sCw9kg021Q
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Topic of Lecture:Solution of difference equations using Z - transforms

Introduction :Using the initial conditions, we get an algebraic equation of the form F(z) = f(z). By
taking the inverse Z-transform, we get the required solution f, of the given difference

equation. Solve the difference equation yn+1 + yn = 1, yo = 0, by Z - transform method. Let Y (z) be
the Z -transform of {yn}

Prerequisite knowledge for Complete understanding and learning of Topic:
4. Formation of Difference Equations
5. Poles and order
6. Residue Method

Detailed content of the Lecture:
1. Solve y(n+3) — 3y(n+1)+2y(n)=0

Solution :
Take z transform on both sides,

Z[y(n+3)]-3Z[y(n+1)1+2Z[y(n)]=0
[2°y(2)-2°y(0) — 22y (1) — 2(2)]-3(zy(2)-42)+2y(2)=0
23y(z) — 42° — 82-3(2y(z-42)+2y(2)=0
(23 = 3Z + 2)y(z) = 42° — 4z

4z(z%-1)
z3-3z+2

Y(2)=

4z(z+1)
T (z-1)(z+2)

n-1 _4z"(z* 1)
z Y(Z)_(z+ 1)(z+2)




Poles : 1,-2 (order 1)

4z™(z%-1) _8()"
(z+1)(z+2) 3

Res[z"™* y(2)]z=1 = lim(z - 1)

4z™(z%-1) _ 4(-2)"
(z+1)(z+2) 3

Res[z"™* y(2)]z=—2 = lim (z - 2)

BL" | 4(-2)"

Sum of residues= y(n) = — 3

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=9sCw9kg021Q
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Topic of Lecture:Dirichlet™s conditions and General Fourier series

Introduction :To represent any periodic signal f(x), Fourier developed an expression called Fourier
series. This is in terms of an infinite sum of sines and cosines or exponentials. Fourier series uses
orthoganality condition.

Prerequisite knowledge for Complete understanding and learning of Topic:
1. Odd Function

2. Even Function

3. Fourier Series Formula

Detailed content of the Lecture:
1 Write the Dirichlet’s conditions on the existence of Fourier series.

Solution: Any function f (x) can be developed as a Fourier series in any one period, provided

a. lItis periodic, single valued, finite.
b. The number of discontinuities if any is finite.
c. The number of maxima and minima if any is finite.

Video Content/ Details of website for further learning (if any):

https:/ /www.youtube.com/watch?v=blS_OImUJ-c

Important Books/Journals for further learning including the page nos.:
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Topic of Lecture:General Fourier series in (0,21)

Introduction :To represent any periodic signal f(x), Fourier developed an expression called Fourier
series. This is in terms of an infinite sum of sines and cosines or exponentials. Fourier series uses
orthoganality condition.

Prerequisite knowledge for Complete understanding and learning of Topic:
1. Odd Function

2. Even Function

3. Fourier Series Formula

Detailed content of the Lecture:
1. FindF.Sforf(x) = x%in (0,2m) &alsoPT

1 1 1 2
Dptatat =3¢
1 1 1 2
W 2t " 13

Solution :
Fourier series f(x) = a; + >*_,(a, cos nx + b, sin nx)

a, = %J; 7Tf(x)dx

1 2T
a = —f x2dx
0

o

I8

1 x3
a°_7'r 3

_1[@2r)? -0
%—;Pi?—l

1 2T
a, = Tf f(x) cosnxdx
0




1 2T
= —f x2 cos nxdx
TJy
2 .- 2T
1 |x“ sin nx —cosnx —cosnx
=—|———2x — + 2 3
T n n n o

{[477 —+4-T[(1>—2—] [0—-0— 0]}
=il

Tl nz

1 21

b, =—] f(x)sinnxdx
TJo

1 2T
= —f x2sinnxdx
Ty
1 [[—x2%cosnx] 2m - 2xcosnxdx
T [T - fo B Tl

n2

A -z
=_“ 4n] [2(1)—2(1)]]
e

n2

1 [—(271)2(1) — (=(0)@)]  [2xsinnx] 2% 2 sinnxdx
oo, i

‘I’l
The Fourier Series

a
fx) = 70 + Z(ancosnx + b, sinnx)

n=1

fl) ==

Ms

4 4
— cosnx — — sinnx
n n

n

1l
=

f(x)—

B
w .:| N 5
N N

Mg

4 4
— cosnx — — sinnx
n n

n

1l
=

Deduction : 1
Putx = 0 (x = 0 is a point of discomtinuity)

_fO)+f@n) _ 4n?
) ===

= 2m?

5 2_4n2+ (4 0 AT 0)
mt=— nzcosn() nsmn()

n=1

am?: O 4
2m? — — = Z (F cosn(O))




SE i()

n=1
1 1 1 B 2
fetatEttTy
Deduction : 2
Putx = m (x = m is a point of comtinuity)
f(m) =m?

S
1l
oy

n=1
21 o [((=D"
‘?T; ( n? >
1 1 1 m?
2 TR

Video Content/ Details of website for further learning (if any):
https://www.youtube.com/watch?v=JAS57fyIbhA
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Topic of Lecture:General Fourier series in (0,210)

Introduction : A Fourier series is an expansion of a periodic function f(x) individually, and then
recombined to obtain the solution to the original problem or an approximation to solutions of a linear
homogeneous ordinary differential equation, if such an equation can be take Similarly, the function is
instead defined on the interval [0,2L]
Prerequisite knowledge for Complete understanding and learning of Topic:

1. Fourier series formula

2. Bernoulli Formula

Detailed content of the Lecture:
1. If f(x) = 2x inthe interval (0,4), find the value of a,.
Solution:
Given f(x) = 2x in (0,4)

1r* 2mx
~ay ZE_]. 2x cos —— dx
0

1 (4 4
=~ Jy 2x cosmxdx = [ x cosmxdx

- [x [smnx] (1) cosnx” 0.

2. Find Fourier Series to represent f(x) = 2x — x? with period 3 in the range (0, 3)

Solution:

0 nmx nmx
fx) = > z (ancos i + b, smT)




2[2x% «x3

=372 73
2

ap = 5[9 9]

0=0

21
1 nmx
a, = Tf f(x) COSTdX

2nmx
f(Zx x?) cos dx
2 oy 3 . 2nmx -9 2nmx —27  2nmx)’
=3 [(Zx —-x )%sm 3 (2 —2x) 4272053 +(—2) 83 SN 3

0

2 oy 3 . 2nm3 -9 2nm3 =27 | 2nmn3
a, ==|( (2.3 —3%)=——sin - (2-23) cos +(-2) sin
3 2nm

3 4n2m? 3 8n3m3 3
2 3  2nn0 -9 2nmn0 =27  2nn0
—((2.0-0 )%sm 3 (2 —20)4 272053 +(_2)8n3n3sm 3
sin0 = 0,cos0 = 1,sin2nm = 0, cosZnn =1
_ 2 [( (2 — 23) -9 2n7t3> ( 2) 2n7r0)]
=3 2 gneg2 %3 4n? 7r2 3
= 4 i 2 4 ]
"3 4n2m2 4n2m?
=3 [_6 4n2n2]
-9
In = n2gz
21
1 . nmx

= Tf f(x) sdex

0
3
2 2nmx
b, =§f(2x—x2)sin dx
0
b _2[(2 2) -3 2nmx (2 — 2%) -9 2nnx+ 5 27 2nmx]’
n=73 xX—Xx —Cos— X) g sin— ( )8n37t3 cos— .
2 ) 3 2nn3 -9 2nmn3 27 2nm3
bn=§ (2.3-3 )Ecos 3 —(2—23)4 22 sin 3 +(—2)8n3n3cos 3

sy —3 2nm0 -9  2nn0 27 2nm(
—((2.0-0 )%cos 3 (2—-2.0) Az Sin +(-2) 833 08

2 -3 27 27
b, = 3 (—S)ECOS 2nm + (—Z)WCOS 2nm | — ((—Z)WCOS 0)




by = %[((—3)_—3 + (—2)%) - (2gmm)
bn =3 [(Znﬂ 4313 )_ (4;3;3)]

27 4 27]
3 2nmw 4n w3 4n3m3

n

br ~3 [Znﬂ]

b, =
YlTL’
The Fourier Series

. nmx
f(x) —?°+Z an, cos + b, smT)

flx) = do + i (a coOs—— anmx + b, sin 2n7rx)
2 L\ T

cos + —sin
n2m? 3 nm 3

\h
o
=
<
Il
(@)
+
M.

-9 2nmtx 3 2n7rx)

1 o, cos 3 Esm 3
n=
) - -9 2nmtx 3 2nmx
2x — x° = Z(nznz coS 3 4+ —sin 3 )
n=

Video Content/ Details of website for further learning (if any):
1. httpsy//www.youtube.com/watch?v=p3t233ZV5o0k
2. httpsy/www.youtube.com/watch?v=Dnf8vahAzDI
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Topic of Lecture:Odd and even functions and General Fourier series in (—, )

Introduction :A function f(x) is said to have period P if f(x+P)=f(x) for all x. Let the function f(x) has
period 2. In this case, it is enough to consider behavior of the function on the interval [—=,x].
1. Suppose that the function f(x) with period 2z is absolutely integrable on [—r,z] so that the
following so-called Dirichlet integral is finite.

Prerequisite knowledge for Complete understanding and learning of Topic:
1. Fourier series formula

2. Bernoulli Formula

Detailed content of the Lecture:

1. Find the constant term in th expansion of cos?x as a Fourier series in the interval (—m, 7).
Solution:Given f(x) = cos?x
The constant term

2. Obtain the first term of the Fourier series for the function f (x) = x2, (—m, m).

Solution:
Given f(x) =x?,—m < x < mis an even function
Hence b, = 0and f(x) = % + 1 ApCOSNX. e (1)

First term of the Fourier series is%
2
Qo = ;fonf(x)dx

2 2 x3 2 w3
= Jo P =2 (E =215 - 0]

-3
2 [n3 2
2] =i
ml3 3

3. Determine the value of a,, in the Fourier series expansionof (x) = x3in—n<x <m.
Solution:
Given:f(x) = x3is an odd functionin—nt<x <m
Hence a,, = 0.




Video Content / Details of website for further learning (if any):
https:/ /www.youtube.com/watch?v=cfxqDp-ks20
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Topic of Lecture:Odd and even functions and General Fourier series in (=L, 1)

Introduction :A Fourier series is an expansion of a periodic function / &) in terms of an infinite sum
of sines and cosines. Fourier series make use of the orthogonality relationships of
the sine and cosine functions. The computation and study of Fourier series is known as harmonic
analysis and is extremely useful as a way to break up an arbitrary periodic function into a set of simple
terms that can be plugged in, solved individually, and then recombined to obtain the solution to the
original problem or an approximation to it to whatever accuracy is desired or practical.
Prerequisite knowledge for Complete understanding and learning of Topic:

3. Fourier series formula

4, Bernoulli Formula

Detailed content of the Lecture:

1. Give the expression for the Fourier Series co-efficient b, for the function f (x)defined in
(-2,2).
Solution:b,, = %f_zz f(x) sin == dx,

0 —-1<x<0

1 o0<x<1 mELD.

2. Find the Fourier Series for the function f(x) = {

Solution:

i ) 0 -1<x<0
Given: f(x) = {1 0<x<il

(0 —1<-x<0
f(x)"{1 0<—x<1

(0 0<x<1
1 —1<x<0

f(=x) # =f(x) # f(x)

Therefore, f(x) is neither even nor odd.

ag c nmx . nmx
flx) = > + z AnCOS—— + bnsmT
n=1

Putl = 1



https://mathworld.wolfram.com/PeriodicFunction.html
https://mathworld.wolfram.com/Sine.html
https://mathworld.wolfram.com/Cosine.html
https://mathworld.wolfram.com/OrthogonalFunctions.html
https://mathworld.wolfram.com/Sine.html
https://mathworld.wolfram.com/Cosine.html
https://mathworld.wolfram.com/HarmonicAnalysis.html
https://mathworld.wolfram.com/HarmonicAnalysis.html

n=1
To find a, :
1 A
ag = Tf f(x)dx
Putl =
1 1
ap = —f f(x)dx
1 -1
! 1
= f (Ddx = [x]
0 0
To find a,, :
J f (x)cos—dx
Putl =
1 1
ap = Ij f(x)cosnmx dx
J- (Dcosnmx dx
[smnnx]
0
_ [smnrt sin0 _
| onm nm |
To find b,

b, = lf f(x)sm— dx

1 l
b, = If f(x)sinnmx dx
-1

1
= f (1) sinnmx dx
0

_ [—cosnrrx] (1)

—cosnt  cos0
_ [ + ]
nm nm
D"

nm

=[-

—]

1
= = [-(-1"+1]




1 {2 n=odd

(0 ,n=even

2 —
bn={% ,n = odd
0 ,n = even

The Fourier Series is

flx) = % + Z ((0)cosnnx) + Z nz_n sinnmx

n=odd n=odd

1 v 2
f(x) —§+ Z —— sinnmx
n=odd

Video Content / Details of website for further learning (if any):
https:/ /www.youtube.com/watch?v=tNDvigipV5w
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Topic of Lecture:Half Range Fourier Sine Series and Parseval's identity

Introduction :1f a function is defined over half the range, say 0 to |, instead of the full range from -

I to I, it may be expanded in a series of sine terms only. The series produced is then called a half range
sine Fourier series.Conversely, the Fourier Series of an odd function can be analysed using the half
range sine definition.

Prerequisite knowledge for Complete understanding and learning of Topic:
1. Half Range sine Series
2. Parseval's identity
3. Bernoulli formula

Detailed content of the Lecture:
1. Find the Half Range Fourier Sine Series for the function of f(x) = x(m — x) in (o, ™) and

1 1 1 1 2
hence deduce that F_3_3+§_?+'"_§

Solution:
Given: f(x) = x(n —x) = (nx — x?)
The Half Range Fourier Sine Series f(x) = Y. -, b, sinnx

To find b,, :

2 s
b, = —f f(x) sinnxdx
TJo

2 Vs
= —f (mx — x?)sinnxdx
TJo

innx cosnx_ 1m

)-a-20(-Z55) + )]

b, = %[(nx — x?) (—




{(nz _a?) (_ co:lnn) _(1-20) (_ si:;m) +(=2) (cosnn)} B

n3

(©-0 (-2 - a-o (-2 + 2 (%)

S

~2lo+@-o (SR -0 +o+ @ ()]

-2l (54

2 2
=;n—[ (D" +1]

B Y

mn
4 {2,n=odd
" w3 l0,n =even

8
bn __{E;;;,n = odd
0 ,n=ceven

The Half Range Sine Series :

fx) = ansinnx
n=1

= —Ssinnx
n=odd
CD .
8 Z sinnx
T n3
n=odd

DEDUCTION :

/[ I
Putx = 5 (x = Eisapointofcontinuity)

Given: f(x) = (mx —x?)

2% — m? w?
f(—)_(———)_( ) =)

nZ
Putx = Tinf(x)




n=odd
o — = smng
48 z ns3
n=odd
w3 -1 -1
_ +( ) (-1)

2. 1B B H oA

2. Obtain Half Range sine series for f(x) = xin (0, ). Show that

1_|_1+1+ _m?
12 22 32 6

Solution :
Given f(x) =x

The Half Range sine series
flx) = Z b, sinnx
n=1
2 T
b, = —J- f(x) sinnxdx
TJo

2 s
= —f x sinnxdx
T Jy

b, = %[x (_ coinx) e (_ sinnx)] s

n2 0

o
2"
T

The Half Range sine series is

fx) = ansinnx

S RS RUCROE

sin0
nZ

)




flx) = 22(_1)nsinnx

(0
DEDUCTION :
By Parseval’s Identity

2 1 had 1 b
%+ Ez(anz +b') = afa (f (x))? dx

0,150 (Y 1 g
4 2 ([ _n—Oox *

n=1
2[1_|_1_|_1 ]_1x3n_1[3 0]
1272732 “ 7|30 T 3"
1+1+1+ _11n?
12 22 " 32 27 3
'1+1+1+ _m
12 22 7 32 6

Video Content / Details of website for further learning (if any):
1. https://lwww.youtube.com/watch?v=ymg2Tsi3h_A
2. https://www.youtube.com/watch?v=XrWIr9BdzRQ
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Topic of Lecture:Half Range Cosine series and Parseval's Identity

Introduction :If a function is defined over half the range, say 0 to I, instead of the full range from -

I to I, it may be expanded in a series of cosine terms only. The series produced is then called a half
range cosine Fourier series.Conversely, the Fourier Series of an even function can be analysed using
the half range cosine definition.

Prerequisite knowledge for Complete understanding and learning of Topic:
4. Half Range Cosine Series
5. Parseval's identity
6. Bernoulli formula

Detailed content of the Lecture:
1. Without finding the value of a, , a,&b,, for the function f(x) = x? in (0, ), find the
2
value of =-+ 37 ;(a,* + b,%)
Solution:Given f(x) = x? in (0,7)
By Parseval’s Theorem

8 4 3 (@n? + by?) = 2 [TIF(012dx

—1(mr 272 _rt
—nfo[x]dx— =

2. Obtain Half Range Cosine Series for the function f(x) = xin (0, ). Use Parseval’s
1 4
14

T

. . 1 1
identity and show that — + atat =5

Solution :
Given: f(x) = x

The Half Range Cosine Series : f(x) = % + Y-, a, cosnx
To find a,:

ag = %fonf(x) dx




e
-2lzls

[72 — 0]

ERRN
bJIPA

1
=—[r?]
s
Ag =T

To find a,, :
2 s
= —f f(x)cosnx dx
TJo

2 s
=—f x cosnx dx
T Jy

[(x) (smnx) _ ( )(—COSTIX)]O

2 [{nsinnn + cosnn} {0 cosO}]

i n n2 n  n2
B 21-O™* 1
T ml n? n?
2 1
= ——=[D"-1
Sl -1
2
=—[(-D"-1]
i{—Z n = odd
mm?l0 n=even
—4
a, = F n= Odd
0 n=ceven
The Half Range Cosine Series :
a
fx) = 70 + Z a, cosnx
n=1
T - —4
= §+ ? cosnx
n=odd
_ n+ —4 1
=3 - m cosnx
n=odd
T 4w 1
= E— E - cosnx
n=odd

DEDUCTION :
By Parseval’s Identity




%i an? + by?) = if (f(x))? dx

2 15: 1 ”Zd
7 "2 “m—0), %
n=o
n+1 16[1 1 1 ]_1x37t
4 T2 pz|14 T34 T 5a zl3 |0
1
- ]l =_—[73 —
[14+ + ] 3l 0
w2
[14 D B e
[ + + ]_4n2—3n2n2
14 - 12 "8
w? 2
128
1+1+1+ ]_n4
14~ 3% 54 ~ 96

Video Content/ Details of website for further learning (if any):
1. httpsy//www.youtube.com/watch?v=gWXTyHO5NWg
2. httpsy//www.youtube.com/watch?v=pjA4TAmNIzI
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Topic of Lecture:Harmonics Analysis

Introduction : Harmonics Analysis
The process of finding the fourier series for a function given by numerical value is known as Harmonic
Analysis

a
(x) = =2+ (a,cosx + bysinx) + (aycos2x + b,sin2x) + (azcos3x + bysin3x) + -+
2

Prerequisite knowledge for Complete understanding and learning of Topic:
1. First Harmonic

2. Second Harmonic

3. Third Harmonic

Detailed content of the Lecture:
1. Define Harmonic and write the first two harmonic

The process of finding the fourier series for a function given by numerical value is known as
Harmonic Analysis

a
(x) = =4 (a,cosx + bysinx) + (a,cos2x + b,sin2x)
2

2. What are the fundamental or First Harmonic

The term (a,cosx + by sinx) in the fourier series is called fundamental or First Harmonic
The term (a,cos2x + b,sin2x) in the fourier series is called Second Harmonic

3. Find the Fourier Series upto one Harmonic

x 0 T T T 2T 5T T
6 3 2 6 6
fx) 1.98 1.30 1.05 1.30 0.88 0.25 1.98
Solution:

Since the last value of y is a repetition of the first, only the first six values will be used .
The Fourier Series of first three harmonics is given by

a 2mx
flx) = 70 + (aicos6 + bysing),0 = —




x 9= 2nx | y=f(x) ycosf ysinx6
T
0 0 1.98 1.980 0
T n 1.30 0.65 1.1258
6 3
Z 2_7T 1.05 -0.525 0.9093
3 3
I s 1.30 -1.3 0
2
Z_T 4_7'[ -0.85 0.44 0.762
6 3
E 5_7'[ -0.25 -0.125 0.2165
6 3
Z y Z y cosf Z y sinf
=45 =1.12 = 3.013

ing
b,-2 <nylm > = 1.004

1.5
flx) = - + (3.7cos6 + 1.004sin8)
f(x) =0.75+ (3.7cos8 + 1.004sinf)

Video Content/ Details of website for further learning (if any):
1. httpsy//www.youtube.com/watch?v=09BqFdQFCTg
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Topic of Lecture:Harmonic Analysis

Introduction : Harmonics Analysis
The process of finding the fourier series for a function given by numerical value is known as Harmonic
Analysis

a
fx) = 70 + (a,cosx + bysinx) + (aycos2x + bysin2x) + (az;cos3x + b3sin3x)

Prerequisite knowledge for Complete understanding and learning of Topic:
4. First Harmonic

5. Second Harmonic

6. Third Harmonic

Detailed content of the Lecture:
1.Find the Fourier series upto third harmonic

x 0 n 2m T 4n 5w 27
3 3 3 3
f(x) 1.0 14 1.9 1.7 1.5 1.2 1.2
Solution:
X y yCcosx ysinx ycos2x ysin2x ycos3x ysin3x
= f(x)
0 1.0 1 0 1 0 1 0
n 1.4 0.7 1.212 -0.7 1.212 -1.4 0
3
2_7T 1.9 -0.95 1.65 -0.95 -1.645 1.9 0
3
T 1.7 -1.7 0 1.7 0 -1.7 0
4_7T 1.5 -0.75 -1.299 -0.75 1.299 1.5 0
3
5_7T 1.2 0.6 -1.039 -0.6 -1.039 -1.2 0
3
Z y Z Yy COSX z y sinx z Yy cos2x Z y sin2x Z y cos3x Z y sin3x
=87 |=-11 = 0.5196 | = —0.3 =-0.1732 | =0.1 =0

Since the last value of y is O repetition of the first, only the first 6 value will be used. The Fourier series
of first three harmonic is given by




a
fx) = 70 + (a,cosx + bysinx) + (aycos2x + bysin2x) + (az;cos3x + bssin3x)
ap = 2 <&> = 2.90
n

0 =2 (2 Y) 037
n
sinx
b,_2 (Zynl > = 0.17

coS2x
a, =2 <Zy—> = —0.10

n

sin2x
by_2 (Zy_) — 0,06
n
cos3x
as; =2 <2y—> = 0.03
n
sin3x
(22550

2.9
fx) = - + (—0.37cosx + 0.17sinx) + (—0.1cos2x — 0.06sin2x) + (0.03cos3x + 0sin3x)
f(x) =145+ (—0.37cosx + 0.17sinx) + (—0.1cos2x — 0.06sin2x) + (0.03cos3x + 0sin3x)

Video Content/ Details of website for further learning (if any):
1. httpsy//www.youtube.com/watch?v=09BqFdQFCTg
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Topic of Lecture: Classification of PDE

Introduction :A Boundary value problem is a system of ordinary differential equations with
solution and derivative values specified at more than one point. Most commonly, the solution
and derivatives are specified at just two points (the boundaries) defining a two-point boundary

value problem.
Prerequisite knowledge for Complete understanding and learning of Topic:
1. Boundary Value Problem
2. Elliptic Function
3. Hyperbolic Function
4. Parabolic Function

Detailed content of the Lecture:

1. Classification of Second order Quasi Linear Partial Differential Equations
A general form of second order linear partial differential equation of two independent
variable X & y is

PP L L L
dx? dxdy dy? dx dy -

Where, A,B,C,D,E&F are either constants (or) functions of x &y .
B2 —4AC < 0 Elliptic Function
B2 —4AC > 0 Hyperbolic Function
B2 —4AC = 0 Parabolic Function

2. Classify the PDE: 3u,,+ 4u,,+6u,, —2u, +u, —u=0
Solution: Given: 3uy,+ 4uy,+6u,, —2u, + u, —u=0
Here A=3,B=4,C=6

B?-4AC=-56<0




The nature of the PDE is elliptic equation.
3. Classify the PDE: 3u,,+ 4u,,+3u,-2u,= 0.
Solution: Given: 3uy,+ 4u,,+3u,-2u,=0
Here A=3,B=4,C=0
B 2-4AC =16 > 0.

Hence, the given PDE is classified as hyperbolic equation.

2
4. Classify the PDE 43 =

at

. . 92 9
Solution: Given: 4— = =
dx at

Here A= 4B = 0,C = 0 -~ B?—4AC =

~The given equation is parabolic equation

0

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=RsztUXnoDPk
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Topic of Lecture: One dimension wave equation

Introduction : The wave equation in one space dimension can be written as follows:
%y %y
e =@ o0
This equation is typically described as having only one space dimension x, because the only other
independent variable is the time t. Nevertheless, the dependent variable y may represent a
second space dimension, if, for example, the displacement y takes place in y-direction, as in the
case of a string that is located in the x-y plane.
Prerequisite knowledge for Complete understanding and learning of Topic:
1. One dimension wave equation
2. Boundary conditions
3. Half range Fourier sine series
Detailed content of the Lecture:
1. Astring is stretched and fastened to two points x = 0 and x = I apart. Motion is started by
displacing the string into the form y = k(lx- x?)from which it is released at time t = 0. Find
the displacement of any point of the string at a distance x from one end at any time t.
Solution :

. . . 9%y 2 0%y
Step : 1 One dimension wave equatlonm AT (D)

Step : 2 Boundary conditions
1.y(0,t) =0 fort=0
2.y(Lt) =0 fort=0

ay _
3. (E)att=0 =0 forO<x<l

4.y(x,0) = f(x) = k(lx-x%) for0<x<l
Step : 3 The possible solutions is
y(x, t) = (Ae’”‘ + Be"lx)(Celat + De‘lat)
y(x,t) = (A cos Ax + B sindx)(C cos Aat + D sinAat)
y(x,t) = (Ax + B)(Cx + D)
Step : 4 The suitable solution is
y(x,t) = (A cos Ax + B sindx)(C cos Aat + D sindat) ...l ()
Step : 5 Using Boundary condition (1) y(0,t) = 0in (2)




Subx=01n(2)
y(0,t) = (A cos A0 + B sinA0)(C cos Aat + D sinldat)
0 =(A+ 0)(C cos Aat + D sinAat)

A =0 since C cos Aat + D sindat # 0

subA=0in(2)
v(x,t) = (B sinAx)(C cos Aat + D sinlat)
Step : 6 Using Boundary condition (2) y(1,t) = 0in (3)
Sub x =1in(3)

y(l,t) = (B sinAl)(C cos Aat + D sinAat)
0 = (B sinAl)(C cos Aat + D sinAat)
A= % since B # 0 &(C cos Aat + D sindat) # 0

Sub A = % in (3)

y(x,t) = (B sin g) (C cos %at + D sin nnlat) ...................... 4
Step : 7 Using Boundary condition (3) (%) =0in(4)
at t=0

Differentiating (4) partially w.r.to t

ay . nmx\ nma . nmat nmat
(B sm—) —(—C sin + D cos )

at l l l l
dy . NTX\ n1a )
(§>att T (B smT)T(—C sin0 + D cos 0)
dy . nmx\ nma
(a)att . = (B SlnT)T(—C(O) + D(l))
nmnx nrat
D=O,B¢0,sinT¢0, I
SubD=0in(4)
y(x,t) = BC szn— cos (5)
The most general solutlon is
y(x, t) = Xo1 By sin# cos mlat , By,=BC..................... (6)

Step : 8Using Boundary condition (4)y(x,0) = f(x) in (6)
Sub t=0in (6)

y(x,0) = ZB sm—cosO

flx) = Z B, sm

which is of the form of half range Fourier Sine series,
l
2 nmx
B, = Tff(x)sianx
0

Step:9 Tofind B,
fx)=k(lx—x%) and L =1




l

2 nmx
B, = 7_[ k(lx — x?) sianx

0
2k nmx
= Tf(lx —x?) sianx

nmx
u=(x—x*dv = sm%dx

= (l—2 =l nmx
u = x)v—nncos ;

u’ =-2v, = __12 sin—
n2m? !
I3 nmx
Vp = 53 €05 T

2k a 2)(—1 nnx) o -2 nmx s 3 nx\ |
=7 X —x — cos ] ( X) -, sin ] — cos ] i

2k[ 1 3 :
=70 (Ix — x?) (cosg) + (sin ?) i (2) ( cos nlﬂ)]o
( l " nml 1? - nml 3 nrl
Z_kj [—E(ll ) (cosT) + 22 (1-2D (sznT) ~ (2) ( cos T)]
l l 0 1? 0 0
Ik [_E (1(0) — 02) (cos%) t (1—2(0)) (sin %) — 3n3 (2) ( cos %
2k j([—%(lz — 1*)(cosnm) + i ( D(sinnm) — 2 (cos nﬂ)] |¥
T l : |
k — [_E (0)(cos0) + 22 J
o 0

v [sinnm = 0,sinnm = (—1)” ,sin0 =0,cos 0 =1]

Tl

21
—[0+0-—
203

)

3
T

2k 213 "
R D"+ 313
2k 213
~ 1 nin? FCEDE ]

=4klz{1+1 n —odd
ntrtl—-1+1 n-—even

8kl?
B = n—odd

n4m*
0 n — even

Step : 10 Sub B,, in (6) , The required solution is

> 8kl? nmx | nmat
y(x,t) = Z sin sin

n4mt l l
n=odd
8ki> <« 1 nmx | nmat
y(x,i:)=n4n4 g Sin—— sin—

n=odd

=0




Video Content / Details of website for further learning (if any):
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Course Faculty : M.Nazreen Banu
Unit : IV- Boundary Value Problems Date of Lecture:

Topic of Lecture:One dimension wave equation

Introduction : The wave equation in one space dimension can be written as follows:
%y _ 29
ot? ox?
This equation is typically described as having only one space dimension x, because the only other
independent variable is the time t. Nevertheless, the dependent variable y may represent a
second space dimension, if, for example, the displacement y takes place in y-direction, as in the
case of a string that is located in the x-y plane.
Prerequisite knowledge for Complete understanding and learning of Topic:
4. One dimension wave equation
5. Boundary conditions
6. Half range Fourier sine series
Detailed content of the Lecture:
2. Asstring is stretched and fastened to two points x = Oandx = [ apart. Motion is started by
displacing the string into the form (x, 0) = y,sin3 (%) . If it is released from this position find

the displacement y at any distance x from one end at any time t.
Solution :

. . . 0%y 2 0%y
Step : 1 One dimension wave equatlonm = AT (D)

Step : 2 Boundary conditions
1.y(0,t) =0 fort=0
2.y(Lt) =0 fort=0

ay _
3. (E)att=0 =0 forO<x<l

4.y(x,0) = f(x) = yosine’(%) for0<x<l
Step : 3 The possible solutions is
y(x, t) = (Ae’”‘ + Be"lx)(Celat + De‘lat)
y(x,t) = (A cos Ax + B sindx)(C cos Aat + D sinAat)
y(x,t) = (Ax + B)(Cx + D)
Step : 4 The suitable solution is
y(x,t) = (A cos Ax + B sindx)(C cos Aat + D sindat) ...l ()
Step : 5 Using Boundary condition (1) y(0,t) = 0in (2)




Subx=01n(2)
y(0,t) = (A cos A0 + B sinA0)(C cos Aat + D sinldat)
0 =(A+ 0)(C cos Aat + D sinAat)
A =0 since C cos Aat + D sindat # 0
subA=0in(2)
v(x,t) = (B sinAx)(C cos Adat + D sindat)
Step : 6 Using Boundary condition (2) y(1,t) = 0in (3)
Sub x =1in(3)
y(l,t) = (B sinAl)(C cos Aat + D sinAat)
0 = (B sinAl)(C cos Aat + D sinAat)
A= % since B # 0 &(C cos Aat + D sindat) # 0

Sub A = % in (3)

y(x,t) = (B sin g) (C cos %at + D sin nnlat) ...................... 4
Step : 7 Using Boundary condition (3) (%) =0in(4)
at t=0

Differentiating (4) partially w.r.to t

ay . nmx\ nma . nmat nmat
(B sm—) —(—C sin + D cos )

at l l l l
dy . NTX\ n1a )
(§>att T (B smT)T(—C sin0 + D cos 0)
dy . nmx\ nma
(a)att . = (B SlnT)T(—C(O) + D(l))
nmnx nrat
D=O,B¢0,sinT¢0, I
SubD=0in(4)
y(x,t) = BC szn— cos (5)
The most general solutlon is
y(x, t) = Xo1 By sin# cos mlat , By,=BC..................... (6)

Step : 8Using Boundary condition (4)y(x,0) = f(x) in (6)
Sub t=0in (6)

y(x,0) = ZB sm—cosO

flx) = Z B, sm

Step:9 Tofind B,
v cin3 (TX _
f(x) =y,sin (7) and | =1
flx) = Z B, sin?
n=1
3nx

2mx
+ B, sin— i + B; smT+

X

YoSin ({)) B4 sinnlx




1
v sin®Q = 7 (3sin 0 —sin 30)
yoi(B sin (”Tx) —sin 3 (HTX)) =B sin”Tx + B, sinz%x + B, sin3%x + -

3 X X X 2mx 3nx
%3 sin (T) - %sinB (T) = B4 sinT + B, sinT + B3 sin——— + -+

l
. .. . . 2 . 3
Equating coefficient of in ”—lx sm?, sin ? .......

31:%132:0133:—?,34:0,.........

Step : 10 Sub B,, in (6) , The required solution is

o)

nmnx nnat
y(x,t)= ) B, sinT cos —
n=1
. TX nat . 2nx 2mat - 3nx 3mat
y(x,t) =B, sin—-cos —— + B, sin——cos — + B, sin——cos — + -
o) = 3y, . mx mat +(0) si 2mx 2mat y, . 3mx 3mat 4
y(x, —4smlcosl ()smlcos ] 4smlcos ]
3y, . mx mat 'y, . 3mx 3mat
y(x, t) = 4 Sin—cos——— 7 sin——cos— + -
Video Content/ Details of website for further learning (if any):
https:/ /www.youtube.com/watch?v=g9ASIMnLdNM
Important Books/Journals for further learning including the page nos:
1. 1.A.Neel Armstrong — Transform and partial differential Equations , 2 Edition, 2011,
Page.No : 4.11-4.36
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Topic of Lecture:One dimension wave equation

Introduction : The wave equation in one space dimension can be written as follows:
%y _ 422%
ot? 0x?
This equation is typically described as having only one space dimension x, because the only other
independent variable is the time t. Nevertheless, the dependent variable y may represent a
second space dimension, if, for example, the displacement y takes place in y-direction, as in the
case of a string that is located in the x-y plane.
Prerequisite knowledge for Complete understanding and learning of Topic:
7. One dimension wave equation
8. Boundary conditions
9. Half range Fourier sine series
Detailed content of the Lecture:
1. A String is tightly stretched and its ends are fastened to two points x = 0 and x = [ is
initially at rest in its equilibrium position. If it is set vibrating giving each point a velocity
3x(l — x). Find the displacement.

Solution:
. . . « azy 2 0 y
Step : 1 One dimension wave equatlonm Y S SO (D)

Step : 2 Boundary conditions
1.y(0,t) =0 fort=0
2.y(Lt) =0 fort=0
3.y(x,0)=0 for0<x<lI

4. (%)att:o =f(x)=3(Ix—x?) for0<x<lI

Step : 3 The possible solutions is
y(x, t) = (Ae’”‘ + Be"lx)(Celat + De‘lat)
y(x,t) = (A cos Ax + B sindx)(C cos Aat + D sinAat)
y(x,t) = (Ax + B)(Cx + D)
Step : 4 The suitable solution is
y(x,t) = (A cos Ax + B sindx)(C cos Aat + D sindat) ...l ()
Step : 5 Using Boundary condition (1) y(0,t) = 0in (2)




Subx=01n(2)
y(0,t) = (A cos A0 + B sinA0)(C cos Aat + D sinldat)
0 =(A+ 0)(C cos Aat + D sinAat)
A =0 since C cos Aat + D sindat # 0
subA=0in(2)

v(x,t) = (B sinAx)(C cos Adat + D sindat) 3)
Step : 6 Using Boundary condition (2) y(1,t) = 0in (3)

Sub x =1in (3)

y(l,t) = (B sinAl)(C cos Aat + D sinAat)
0 = (B sinAl)(C cos Aat + D sinAat)

A= % since B # 0 &(C cos Aat + D sindat) # 0

Sub A = % in (3)
y(x,t) = (B sin%x) (C cos %at +D sin%at) ...................... 4)
Step : 7 Using Boundary condition (3) y(x,0) = 0in (4)

Subt=0in(4)

y(x,0) = (B sin ?) (C cos 0 + D sin0)
0= (B sin?) (€ (1) + D (0))
nmx
Cc=0B ¢0,sinT¢ 0
SubC=0in(4)
. Nmx . nmnat
y(x,t) = (B smT) (D sin— ) ...................... (5)
The most general solution is
y(x, t) = Xo1 By sin# sin mlat , B,=BD ... (6)
Step : 8 Differentiating (6) partially w.r.to t
dy nma i . nmx nrat
3= 1 1 n Sin—— cos—
n=

Using Boundary condition (4)(%) 0= f(x)
at =

[ee)

(6)1) _nnazB . nnx 0
at) . T n Sin——cos

n=1
nma - . nmx
f(.X') = T Bn smT

n=1

which is of the form of half range Fourier Sine series,
l
nma 2 nmx
BnT = Tff(.X') sianx
0

2

B. =
" nma

1
ff(x) sin?dx
0




Step: 9 Tofind B,
fx) =3(x—x%) and 1 =1

1
2 nix
_ — 22 cin —
Bn—mmf3(lx x*) sin i dx
0
6 1
nix
=—f(lx—x2) sin——dx
nma l
0

nmx
u=(x—-x*dv = sin%dx

, =l nmx
u=(I-2x)v= — cos—l
u” — _2v1 — __lz Sln@
n2m? l
3 nmx
v, = i3 cos -
= i (Ix — x?) (_—l cos@) — (I —2x) <__12 sin@> +(-2) < e cos @ﬂl
nma nm l n2m? l n3m3 l o

6 l nmx [? nmx I3 nmay |
= |—— — x2 — —(1-2 in—- ) — ——(2 —
" (Ix — x*) (cos i ) + 22 (1 x) (Sln i ) - (2) ( cos ; )L
( l nrl [? nrl I3 nml
) 6 4 [ — (Il —=1%) | cos i +n2n2 (I—=2D(sin i o (2) | cos ;
| _

i [—% (1(0) — 0%) (cosnTnO) + ni; (I1—-2(0)) (sin nTnO) - v (2) ( cos n_ﬂ())]

n3m3

Ir[—i(l2 —1®)(cosnm) + 52 > (=D (sinnm) — 2 5 5 (cos ””)]\I
B 6 4 nm nem n-°n ¥
" nma | l z . & |

CCno-2 233(—1)"]— [o+ " o -2-- (1)]}
T n->m

n2 n2m? n3m3

nma

- - oo
nm

“ [sinnm = 0,sinnmt = (—=1)" ,sin0 = 0,cos 0 = 1]

= 6 0+0 2[3( " 0+0 2t
" nma n3ms n3m3

SN N

" nma n3ms n3m3
6 203
- nran3m3 [=(=D"+1]

_ 1213 {1+1 n —odd
an‘n*l—-1+1 n-—even

2413
By = famims "7 0%

0 n —even
Step : 10 SubB,, in (6) , The required solution is

o 2403 _nmx  nmat
y(x, t) = Z sin sin

an*m* l l
n=odd




24 <« 1 _nmx  nmat
— sin—— sin
n* l l

x,t) =
n=odd

Video Content / Details of website for further learning (if any):
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Important Books/Journals for further learning including the page nos:

1. 1.A.Neel Armstrong — Transform and partial differential Equations , 2 Edition, 2011,
Page.No : 4.11-4.36

Course Faculty

Verified by HOD




5217 MUTHAYAMMAL ENGINEERING COLLEGE
(An Autonomous Institution) 'QAC

(Approved by AICTE, New Delhi, Accredited by NAAC & Affiliated to Anna University) v

Estd. 2000 Rasipuram - 637 408, Namakkal Dist., Tamil Nadu
LECTURE HANDOUTS L
Al&DS /1l
Course Name with Code : Transforms and Partial Differential Equations /19BSS23
Course Faculty : M.Nazreen Banu
Unit : IV -Boundary Value Problems Date of Lecture:

Topic of Lecture:One dimension wave equation

Introduction : The wave equation in one space dimension can be written as follows:

%y _ 422%

ot? ox?
This equation is typically described as having only one space dimension x, because the only other
independent variable is the time t. Nevertheless, the dependent variable y may represent a
second space dimension, if, for example, the displacement y takes place in y-direction, as in the
case of a string that is located in the x-y plane.
Prerequisite knowledge for Complete understanding and learning of Topic:

10. One dimension wave equation

11. Boundary conditions

12. Half range Fourier sine series

13. Bernoulli’s formula

Detailed content of the Lecture:

1. A String is tightly stretched and its ends are fastened to two points x = 0 & x = 21. The
midpoint of the strings is displaced transversely through a small distance ‘b” and the
string is released from rest in that position . Find the displacement at any point on the
string.

Solution :
Equation of OB

y—=0 x-0
b—0 1—-0
b
y=7x O<x<l
Equation of AB
Y_Y1:X—X1
Yo—V1 X—X3
y—0 x-—2I
b—0 [—-21
y x—21
b -l
y 2l-—x




y_1o.,_
bb_l(zz x)
y=—(2l—x) 0<x<2l

0<x<l
y=fl)= {(21 X)) 0<x<2l

Step : 1 One dimension wave equatlon— =a’ .. (1)

Step : 2 Boundary conditions
1.y(0,t) =0 fort=0
2.y(L,t) =0 fort=0

ady _
3. (E)att=0 =0 forO<x<l

O0<x<l
40 =fO=HG_ v oerea

Step : 3 The possible solutions is
y(x,t) = (Ae™ + Be™*)(Ce?* + De~7t)
y(x,t) = (A cos Ax + B sindx)(C cos Aat + D sinAat)
y(x,t) = (Ax + B)(Cx + D)
Step : 4 The suitable solution is

y(x,t) = (Acos Ax + B sindx)(C cos Aat + D sindat) .......cceiiiinn. (2)
Step : 5 Using Boundary condition (1) y(0,t) = 0in (2)
Subx=0in(2)

y(0,t) = (A cos A0 + B sinA0)(C cos Aat + D sinldat)
0 =(A+ 0)(C cos Aat + D siniat)
A =0 since C cos Aat + D sindat # 0
subA=0in(2)
y(x,t) = (B sinAx)(C cos dat + D sindat) . 3)
Step : 6 Using Boundary condition (2) y(1,t) = 0in (3)
Subx =1in(3)
y(l,t) = (B sinAl)(C cos Aat + D sinAat)
0 = (B sinAl)(C cos Aat + D sinAat)
A= nTn since B # 0 &(C cos Aat + D sindat) # 0

Sub A = ”l—” in (3)
y(x,t) = (B sin ?) (C cos =2 4 D sin mmt) ...................... 4)
Step : 7 Using Boundary condition (3) (E) =0 in(4)
at t=0

Differentiating (4) partially w.r.to t

ay (B . nnx)nna( Csi nnat+D nnat)
% sin— i sin— cos—

dy . NmXx\ nma )
(E>a” T (B smT)T(—C sin0 + D cos 0)




nma

(%) = (8 Sing)TH(O) +D (1))

. nmx nmat
D=O,B¢O,smT¢0, ]
SubD=0in(4)
y(x,t) = BC sm— cos (5)
The most general solutlon is
y(x,t) = Xnq1 By sin# cos n”lat , B,=BC ...l (6)

Step : 8Using Boundary condition (4)y(x,0) = f(x) in (6)
Sub t=0 in (6)

- nmx
y(x,0) = Z B, sinTcos 0
n=1

nmx
fx)= ) B, sin%

n=1

which is of the form of half range Fourier Sine series,

f f(x)sm —_— dx

Step:9 Tofind B,

b(x 0<x<l
= |
FO=fo_x) Lene ol
B, =5 fl(x)sm—dx+fl(2l—x)sm7dx
l
B 2b f d +f(2l ) d
n = 511 (x)sm X xsm 2l X
0

l 21l

b n
B, = 2 f(x)smjdx+f(2l—x)sm7dx

B - b 212 nm N 412 nm Co—o 0404+ 22 nm N 412 nmx
"= ——Cos— —oasin ——Cos— —aSin—
B - b 212 nm N 412 _ 22 nm 412 nmx
"= ——Cos— sm —cos —Sin—

b[ 212 nm 41> nam 212 nm 41> nm

l_z —Ecos7+nznzsm7+Ecos7+nzﬂz >
b[4? nm 41> nn

n= 12 |n2n? St 2

n —




sin
n2m? 2
8b nm

n2m? 2

b[8l2 _nn]
B, = —|——sin—

Step : 10 Sub B, in (6),The required solution is

o)

8b  nm  nmx nmat
y(x, t) = Z sin— sin—— cos

n2m? 2 21 21

n=1
o) = 8b i . nm _ nmux nmat
Yo t) = ) sin—-sin— cos—

n=1

Video Content / Details of website for further learning (if any):

https:/ /www.youtube.com/watch?v=1f6wR3FQCwg
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Topic of Lecture:One dimension wave equation

Introduction : The wave equation in one space dimension can be written as follows:
0%y _ 0%
Freiaiare
This equation is typically described as having only one space dimension x, because the only other
independent variable is the time t. Nevertheless, the dependent variable y may represent a
second space dimension, if, for example, the displacement y takes place in y-direction, as in the
case of a string that is located in the x-y plane.
Prerequisite knowledge for Complete understanding and learning of Topic:
14. One dimension wave equation
15. Boundary conditions
16. Half range Fourier sine series
17. Bernoulli’s formula
Detailed content of the Lecture:
2. A String is tightly stretched and its ends are fastened to two points x = 0 and x = 2l is

initially at rest in its equilibrium position. If the initial velocity is given by

Sx 0<x<l
v=1. . Find the displacement.
TQ2l=x) I<x<2l
Solution:
Step : 1 One dimension wave e uationaz—y =a? %y (1)
p: q oz = 07 S g
Step : 2 Boundary conditions
1.y(0,t) =0 fort=0
2.y(Lt) =0 fort=0
3.y(x,0)=0 for0<x<lI
Zx 0<x<l

ay 7
4. (2 =f(x) =
(af)attzo f( ) %(Zl - x) l<x<?2l

Step : 3 The possible solutions is
y(x,t) = (Ae™ + Be™)(Ce?* + De~2at)
y(x,t) = (A cos Ax + B sindx)(C cos Aat + D sinAat)
y(x,t) = (Ax + B)(Cx + D)
Step : 4 The suitable solution is




y(x,t) = (A cos Ax + B sindx)(C cos Aat + D sinAat)
Step : 5 Using Boundary condition (1) y(0,t) = 0 in (2)

Subx=01n(2)
y(0,t) = (A cos A0 + B sinA0)(C cos Aat + D sinldat)

0 =(A+ 0)(C cos Aat + D sinAat)

A =0 since C cos Aat + D sinAat # 0

subA=0in(2)
v(x,t) = (B sinAx)(C cos Adat + D sindat) 3)
Step : 6 Using Boundary condition (2) y(1,t) = 0in (3)
Subx = 1in(3)
y(l,t) = (B sinAl)(C cos Aat + D sinAat)
0 = (B sinAl)(C cos Aat + D sinAat)
1= since B # 0&(C cos Aat + D sindat) # 0
Sub A = % in (3)
y(x,t) = (B sin%x) (C cos %at +D sin%at) ...................... 4
Step : 7 Using Boundary condition (3) y(x,0) = 0 in (4)
Subt=0in(4)
y(x,0) = (B sin #) (C cos 0 + D sin0)
0= (B sing) (€ (1) + D (0))
nix
Cc=0B ¢0,sinT¢ 0
SubC=0in(4)
...................... (5)

y(x, t) = (B sin"lﬂ) (D Sinnﬂat)

The most general solution is
D By =BD  eeereeeeereaen, (6)

y(x, t) = Xo1 By szn— sin—,

Step : 8 Differentiating (6) partlally w.r.to t

dy nma i . nnx nrat
EY i 1 n Sin—— cos—
n=
= f(x)

Using Boundary condition (4)(9) .
at =

= n—cosO

n=1
nmx
f(.X') = T Bn sinT

n=1

which is of the form of half range Fourier Sine series,

l
nmta 2 . nmx
BnT = TJ-f(x) sdex

0




mmff(x) sm—dx
Step: 9 Tofind B,

TX 0<x<l
f)=1¢ and | = 21
T(ZI—x) l<x<?2l

B, nnaff(x) sm—dx

l
_ 2 fc d+f @I
" nma lsm X l
0

x) sin 2_l dx

1
{fxsm—dx+f(21—x) sm—dx
0
1
n nr.
= jxsin—dx+f(21—x) sin
Inma 21
0 1

—dx

21

_ 2 c
" nmal
2C

2C

B —IL +1
n lnﬂ'a[1+2]

L1,
. nmx
u =xdv = sin—-—

nmx
5] dxu = (21l — x)dv = sin

de
—21 nmwx —21 nmwx
U =1lv=— cos—u' = —-1v=— cos—
nmw 21 nm 21
4 onmx AP nmx
V1 n2m? s 21 V1 n2m? 21

( ( )( =21 nnx) (- 42 nmx\] \
- 4| x — cos 5] -, sin 5] i |E
Inma | @l )( -2l nnx) . 42 nmx\]P |
k X))\ — cos—; (-1 2 SNy l}
2c ([-21 nmwx 42 nmx\]' [-21 nmx 42, nme ]t
B lnna{ﬁ(x)(cos 21 )+ (nznz STl >L + [E(ZZ_JC) (COS 21 )_nzrr2 (sm 21 )]z }
( _Zl(l) nnl+ 412 nml —2l(0) 0 + z 0 )
2 ) — cos—r+ -5 sin— cos(0) 2sm( ) >
~ Inma N —21(21 20 nm2l 41> nn2l (2l D nml 41> | nnl
\ nm O T2 S 2l OS0 "nem2 "2 )
[(—ZZZ nr 41> nm 2
cos—+
2c n

4]
B T 2  n?r? s 7) B (0 + n2m? (0)>]
" Inma [(—21 [?
+
s

4 . -2l nr 41>  nm
——(0) cosnm — > sinnm | — | — (1) cos—-—
nm nmw

sin—
2  n2m? 2




2 —21? nm 412 nm 0+0l+]o-0 _Zl(l) nr 41>  nm
"~ Inma nm cos 2  n?m? st 2 nm cos s

2 n?m? 2
v [sinnt =0,sinnt = (—1)" ,sin0 = 0,cos 0 = 1]

2 (—212 nr 41>  nm 212 nm 412 nn)

= cos— + sin—+— cos— +
Inta \ nm 2  n2r? 2  nm n

— si
n2m? 2 n?g? 2

2 (4  nm Al nm
"~ Inma

2¢ 81> . nm
= Sin—
Inta \n2m? 2

2c 81> . nm
:{ sin— n-—odd

Inma n2m2

0 n—even

Inman?n? 2

0 n—even
Step : 10 SubB,, in (6) , The required solution is

2c 81> nm
B =1— sin— n—odd
n

[ee)
16cl nm nnx  nnat
y(x, t) = z sin—sin—-— sin

an3m3 2 21 21
n=odd
_1écl =1 - nm  nmx  nmat
y(x, t) = o z —3Sin—-sin—r sin—
n=odd

Video Content/ Details of website for further learning (if any):

https:/ /www.youtube.com/watch?v=1f6wR3FQCwg
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Topic of Lecture:One dimension heat equation

Introduction :The heat equation models the flow of heat in a rod that is insulated everywhere
except at the two ends. Solutions of this equation are functions of two variables - one spatial
variable (position along the rod) and time. Let u(x,t) represent the temperature at the point x

meters along the rod at time t (in seconds).
ou 0%y

2

ot — " ax?
Prerequisite knowledge for Complete understanding and learning of Topic:
18. One dimension heat equation
19. Boundary conditions
20. Half range Fourier sine series
21. Bernoulli’s formula
Detailed content of the Lecture:
1. Arod 30cm long has its end A and B kept at 20° C and 80° C respectively, until steady state
conditions prevails. The temperature at each end is then suddenly reduced to 0° C and kept so.
Find the resulting temperature function u(x, t) at any point x from one end of the rod and at
time t seconds
Solution:

The initial temperature distribution is u = (b;—a) x+a

a=20°C;b=80°C; £=30cm

80 — 20
u=< 30 >x+20:-u=2x+200<x<30
u(x,0)=2x+20 0<x <30
. . . . du 5 0%
Step : 1 One dimension heat equation—— = a“——=..................... (1)

Step : 2 Boundary conditions
1.u(0,t) =0 fort=0
2.u(lL,Lt) =0 fort=0
3. u(x,0)=f(x)=2x+20 for0<x<30
Step : 3 The possible solutions is
u(x,t) = (Ae™ + Be ™) Ce *"**t

u(x, t) = (4 cos Ax + B sindx)Ce @4t




Step : 4 The suitable solution is

u(x, t) = (A cos Ax + B sinAx)Ce™ ¥t ... (2)
Step : 5 Using Boundary condition (1) u(0,t) = 0in (2)
Subx=01in(2)

u(0,t) = (A cos A0 + B sind0)Ce ¢4t
0=(A+0)Ce @4t

A =0 since Ce ¥**t %0

subA=0in(2)
u(x, t) = (B sinAx)Ce™ ¥t 3)
Step : 6 Using Boundary condition (2) u(l,t) = 0in (3)
Subx =1in(3)

u(l,t) = (B sinAl)Ce~ %4t
0 = (B sinAl)Ce "'t
A=7F since B#0&Ce™ Mt #0

Sub A = % in (3)

nm 2
u(x,t) = (B sin%x) ce(T)e 4)
The most general solution is
a’nn?t
u(x,t) = Y%, B, sin? e 2 , B,=BC ....ccccccciiinn... (5)

Step : 7 Using Boundary condition (3) u(x,0) = 0 in (5)
Subt=0in(5)

nmx
u(x,0) = Z B, sinTe0
n=1

flx) = Z B, sin?
n=1

which is of the form of half range Fourier Sine series,
l
2 nmx
B, = Tff(x) sianx
0

Step : 8 Tofind B,
f(x) =2x+20 for 0<x<30 and [ =30

30
B = 2f(z +20) sin g
= 30 x sin—5-dx
0

nmx
——dx

30
1 .
—Ef(2x+20)sm 30
0

nix
u=2x+20dv = sinﬁdx




—30 nmwx

!

u =2v=——cos——

nm 30
. —-900 | nmx
u"' =0v = poyy smﬁ
[(Zx + 20) (—0 c0s") - @) (y 099 smﬁ)ro
30 30
i [— (2x + 20)cos + 2 200 sinnnx
15 30 n?m? 30 I,
i{[— (2(30) + 20)cos T2 4 2 200 sin"”30] - [_30 (2(0) + 20) c0s 0 + 222 sin o]}
15 30 n?m? 30 n2m?
1 30 900
- 1—5{[—% (80) cos nr + 2——sin nn] [— °Z o)) + 2 — (0)]}
= i{[—@(—nn r20 |- [—@+ (0) }
15 nm nw
“ [sinnm = 0,sinnm = (—1)" ,sin0 =0,cos 0 = 1]
1 2400 600
= 35| V" ]
1 600
= e [—4(-D" +1]
40
B, =—[1-4(-D"]
nm
Step : 9SubB,, in (5) , The required solution is
nmx _a*n?n?t
u(x,t) = ZB SlnTe 2z ¢ =30
n=1
u(x,t) = Z ﬂ[1 —4(—-1)"] sin%e %
4 nm 30
Video Content/ Details of website for further learning (if any):
https:/ /www.youtube.com/watch?v=] ASw8{]Koyl
Important Books/Journals for further learning including the page nos:
1. 1.A.Neel Armstrong — Transform and partial differential Equations , 2 Edition, 2011,
Page.No : 4.37-4.58
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Topic of Lecture: One dimension heat equation

Introduction :The heat equation models the flow of heat in a rod that is insulated everywhere
except at the two ends. Solutions of this equation are functions of two variables - one spatial
variable (position along the rod) and time. Let u(x,t) represent the temperature at the point x

meters along the rod at time t (in seconds).
ou 0%y

2

ot " ax?
Prerequisite knowledge for Complete understanding and learning of Topic:
22. One dimension heat equation
23. Boundary conditions
24. Half range Fourier sine series
25. Bernoulli’s formula
Detailed content of the Lecture:
1. A bar 10 cm long , with insulated sides has its end A & B kept at 20" C and 40° C respectively
until the steady state condition prevails. The temperature at A is suddenly raised to 50° C and B
is lowered to 10°C . Find the subsequent temperature function u (X ,t)
Solution:

The initial temperature distribution is u = (b;—a) x+a

a=20°C;b=40°C; £=10cm

40 — 20
u=< 10 >x+20:-u=2x+20 0<x<10
u(x,0)=2x+200<x<10
. . . T L .
The one dimension heat equation ST TS @A)

Boundary conditions
1.u(0,t) =50°C fort=0
2.u(l,t) =10°C fort=0
3. u(x,0)=f(x)=2x+20 for0<x<10
Here, we have no non zero boundary conditions. So we cannot find the values of A and B.
Therefore, we split u (x ,t) in to two parts.
ulx, t) =ug(x) +u(c, t) (i)




. . . d 92 . .
Where u,(x) is a solution of the equation a—’t‘ = q? a—xiand Is a function of x alone and

satisfying the conditions

us(0) =50, u,(l) =10

Where u,(x, t) is a transient solution satisfying (ii) which decrease at t increases.
u,(x)is a steady state solution and u,(x, t) is a transient solution.

To find : uy(x)

b—a
u5=( l )x+a

a=50°C;b=10°C; £=10cm
_(10—50
" 1o

)x+50-'-us=—4x+50 0<x<10

ug(x) =50—4x 0 <x <10
To find:u.(x, t)
From (i)  u(x, t) = us(x) + u.(x,t)

u(x,t) =ulx,t) —uslx) (iii)

Sub x =0 in (iii)

u:(0,t) = u(0,t) — us(0) ~ ug(0) = 50,u(0,t) =50

U (0,) =50—=50=0  coorrriiiriinnnn.. (iv)

Sub x =10 in (iii)

u,(10,t) = u(10,t) — u,(10) = us(10) = 10,u(10,t) = 10

u,(10,) =10—10=0 e, v)

Subt =0 in (iii)

u(x,0) = ulx,0) — uy(x) ~ ugs(x) =50 —4x,u(x,0) = 2x — 4x

U (x,0) =2x+20-50+4x=6x—30  .......ooeiinaln. (vi)
Now, we have to the solution for u,(x, t)
Step : 1 One dimension heat equation% = aZ% ..................... (1)

Step : 2 Boundary conditions
1.u/(0,t) =0 fort=0
2u(Lt) =0 fort=0
3. u(x,0)=f(x) =6x+30 for0<x<10
Step : 3 The possible solutions is
u,(x,t) = (Ae? + Be ) Ce 0"Vt
u,(x,t) = (A cos Ax + B sindx)Ce~**’t
u(x,t) = (Ax + B)C
Step : 4 The suitable solution is
u.(x,t) = (A cos Ax + B sinlx) Ce~ @Vt . )
Step : 5 Using Boundary condition (1) u,(0,t) = 0in (2)
Subx=01in(2)
1,(0,t) = (A cos 10 + B sind0)Ce*4’t




0=(A+0)Ce ¥t

A =0 since Ce ¥*t %0

subA=0in(2)
u(x,t) = (B sin/lx)Ce_”‘z’lzt ...................... 3)
Step : 6 Using Boundary condition (2)u,(l,t) = 0in (3)
Subx =1in(3)

u,(Lt) = (B sinAl)Ce~ ¥t
0 = (B sinAl)Ce "t
A= ”l—" since B #0&Ce ¥4t %0

Sub A = % in (3)

2
_e2(™
u(x, t) = (B sin%x) Ce (O L 4)
The most general solution is
aznznzt
u(x,t) = ¥, B, sin”—’l”“e 2, B,=BC i, (5)

Step : 7 Using Boundary condition (3) u.(x,0) = 0 in (5)
Subt=0in(5)

nmx
u(x,0) = ZB sm—e

fx) = Bn sin #

n=1

which is of the form of half range Fourier Sine series,
B, =7 ff(x) sm—dx

Step : 8 Tofind B,
f(x)=6x+10 for 0<x<10 and [ =10

B —Zf(6 +20) sin g
= 10 x sin—o-dx
—1f(6 +20) sin 2 g
—5 X Sin 10 X

u=6x+ 30dv = smn—dx

10
, —10 nmwx
u =6v= o cosﬁ
. —-100 . nmnx
u' =0v = o smﬁ

Judv =uv —u'v; + u'v, —........
10

[(6 +30)< 10 nnx) p (—100 nnx)]
=z X cos— (6) e sin 10 /],




_1[—10(6 +30) nmx 100 o nmx 10
—5 i X cos 10 ) 2Sl‘i’l 10

_ L1710 10y 4 30)c0s 7L 4 g 100 mml0) (=10 0+610
_E{[nn (10) +30)cos ==+ 657 sin 10] [ (6(0) + 30)cos

. ino

1 10 100
= g{[—E (30)cosnm + 6n2n2

sim] =

1 300 ] 300 }

-<{-So o —+ ()

“ [sinnm = 0,sinnm = (—1)" ,sin0 =0,cos 0 = 1]
11 300 300

-2

1-300
=§n—[( D"+ 1]

:—60{—1+1 n— odd
1+1 n-—even

:—60{0 n —odd
nt L2 n—even

0 n-—odd
B, = {—120

n—even
nm

Step : 9SubB,, in (5)

nmx _a2n2n2t

u(x,t) = aninTe 2 £=10

n=1

[ee]
—120 nmx _dPnPee
u(x,t) = Z — smwe 100

n=odd

Step : 10 From (ii)
ulx, t) = us(x) + ue(x, t)
The required solution is

—120 nmx _dPnPe

sin——e 100
0

u(x,t) =50 —4x + Z

n=odd

Video Content/ Details of website for further learning (if any):

https:/ /www.youtube.com/watch?v=PbucCMGDuao

Important Books/Journals for further learning including the page nos:

1. 1.A.Neel Armstrong — Transform and partial differential Equations , 2 Edition, 2011,
Page.No : 4.37-4.58
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Topic of Lecture:Steady state solutionof twodimensionalequationofheatconduction (excluding
insulatededges) on finite square plates (excluding circular plates).

Introduction :When the heat flow is along curves, instead straight lines, the curves lying in

parallel planes, the flow is called two dimensional . The twodimensional heat flow equations

2%u  9%u C . . . .
wz T 37 = 0 which is known as Laplace’s equation in two dimensions

Prerequisite knowledge for Complete understanding and learning of Topic:
26. Two dimension heat equation
27. Boundary conditions
28. Half range Fourier sine series
29. Bernoulli’s formula
Detailed content of the Lecture:
1. The boundary value problem governing the steady state temperature distribution in a flat, thin,

square plate is given by@ +az—u =00<x<al0<y<a
ox2 oy? ! y
() u(x,0) = Oforallt =0
(i) u(x,a) = 4sin3(?) 0<x<a

(iiju(0,y) = 0
(Vu(a,y) =00<y<a
Find the steady-state temperature distribution in the plate.

Solution:
0%u
2

2
Step : 1 The Two dimension flow equation in steady state ing’; + %2

Step : 2 Boundary conditions
1L.u(0,y)=0 for0<y<a
2.u(a,y) =0 forO<y<a
3u(x,0)=0 for0<x<a
4. u(x,a) = 4Sin3<%) for0<x<a
Step : 3 The possible solutions is
u(lx,y) = (Ae’”‘ + Be"lx)(C cos Ay + D sinly)
u(x,y) = (Acos Ax + B sin/lx)(Ce’ly + De‘ly)
u(x,y) = (Ax + B)(Cx + D)
Step : 4 The suitable solution is




u(x,y) = (A cos Ax + BsinAx)(Ce™ + De™) ... )
Step : 5 Using Boundary condition (1) u(0,y) = 0in (2)

Subx=01n(2)

u(x,y) = (Acos A0 + B sinAO)(Ce’ly + De‘}‘y)
0=(A+0)(Ce? +De™)

A =0 since (Ce® + De ™) # 0

subA=0in(2)
u(x,y) = (B sindx)(Ce™ +De™) ... 3)
Step : 6 Using Boundary condition (2) u(a,y) = 0 in (3)

Subx = ain(3)

u(a,y) = (B sinda)(Ce® + De™*)
0 = (B sinda)(Ce™ + De™»)

A=7" since B #08&(Ce™ +De™™)#0

Sub A = % in (3)

nmy nny)

. nm —_— ==
u(x,y) = (B sm;x) (Ce a +De a
Step : 7 Using Boundary condition (3) u(x,0) = 0 in (4)
Suby=0in(4)
. nm nmo _nmo
u(x,0) = (B sin— x) (Ce a +De a )
u(x,0) = (B sinEx) (C+D)
a
Here, sin™=x # 0& B # 0

u(x,y) = (B sinna—nx) (CeT— Ce a

nmwy nny)

o nm nmy
u(x,y) = BC sm;x(e a —e a

nmwy nny)

u(x,y) = 2BC sin%x sin h%
.nm . nmy
u(x,y) = 2B, sin——x sin hT , Where B, = BC
The most general solution is

u(ey) = Sy Bysin™= sin h=2>, (6)

X
a

Step : 8 Using Boundary condition (4) u(x,a) = 4 sin3( )in (6)

ulx,y) =4 sin3(%x) =y _.B, sin% sin hnm
. TX - (3nx = . nmx
3 sin (—) — sin (—) = B, sin— sin hnm
a a a
n=1
. mX o 2mx _ 3mx
= Blsm; sinhm+ stmT sinh 2m + B3smT sinh3m + -
Equating the like terms, we get
B,sinhmt=3,B,=0,B;sinh3n=-1,B,=0,Bs=0=--=0




3 -1
Bs

B, = ,By = ——F———
V' sinhm sin h3m
nmx nmy

y) = E B, sin— sin h—=
u(x,y) 1 nSin—— sinh—
n=

3 . TX -1 . 3mx |
- sin— sinhw+ — sin sin h3m
sinhm a sin h 3w a

. mXx | my . 3nx | 3my
u(x,y) = 3 cosec hx sin— sin— — cosec h3x sin — sin——
a a a

u(x,y) =

Video Content / Details of website for further learning (if any):

https:/ /www.youtube.com/watch?v=PbucCMGDuao

Important Books/Journals for further learning including the page nos:

1. 1.A.Neel Armstrong — Transform and partial differential Equations , 2 Edition, 2011,
Page.No : 4.59-4.63
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Topic of Lecture: Formation of partial differential equations

Introduction : A Partial differential equation is one which involves partial derivatives. The order
of a PDE is the order of the highest derivative occurring in it. A PDE is said to be linear, if the

dependent variable and partial derivatives occur in the first degree only and separately.
oz oz 9%z 9%z 9%z
Py T e T ey =50
Prerequisite knowledge for Complete understanding and learning of Topic:
1. Partial differential equations
2. Arbitrary constants
3. Order

4. Degree

Notations: z = f(x,y,2),

Detailed content of the Lecture:
1. Form the PDE by eliminating the arbitrary constants a and b from

z=(x* +a)(y+b?)
Solution: Given: z = (x? + @) (y*+b?) - (I

Diff (1) par.w.r.to x and y,

p= Z_JZC = 2X (y*+b?) - (1) q= Z_JZ, = 2y(x? + @) = (1)
From (I1),— = (y*+b?) - (IV) From (III),T"y = (x2 + a?) - (V)

Sub (IV) and (V) in (1) we get
_ (D a _
2=(%)(55) (00 pq =4xyz
2. Form the PDE by eliminating the arbitrary constants from z=a?x+ay?+Db
Solution:Given:z=a’x +ay*+b - (I

Diff (I) par.w.r.to x and y,

p=2—i=a2—>(ll), q=§—;=2ay - (1)




From (lll), vy =2—qa - (IV)

Y=L  yp=q
3. Form the PDE by eliminating from the relation z = f (x> + y? ) + x+y
Solution:Given z=x+y+f(x*+y*) - (I)
Diff. () pw.rtox: p=1 + f'(x*+y?).2x ie.p-1=2xf'(x*+y?) - (1)
Diff. (I) pw.rtoy: q=1+f'(x*+y?).2y ie. q-1=2yf'(x*+y?) - (1)

ﬂ (p—-1) _ 2xfl(x2+y2)_£
an - (g-1)  2yfr(x2+y2) y

Le.gX—py=x+y

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=xydJUOCURG60

Important Books/Journals for further learning including the page nos.:
1.K.Sankara Rao — Introduction to partial differential Equations , 3" Edition, Jan 2012, Page.No : 7 -11
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Topic of Lecture:Singular integrals and Solutions of standard types of first order partial differential
equations

Introduction :A singular integral is an integral whose integrand reaches an infinite value at one or
more points in the domain of integration. Even so, such integrals can converge, in which case,
they are said to exist. (If they do not converge, they are said not to exist.)

Prerequisite knowledge for Complete understanding and learning of Topic:
1. Partial Differential Equations
2. Claimant’s Form
3. Singular Integral
4. Complete Integral
Detailed content of the Lecture:
1. Solvep +q =pq
Solution:
p+q=pq...... (1) This is the form of F(p,q) = 0

Subp =a&q =bin(l)
a+b=ab=>a=ab—-b=>a=>b(a—1)

b=—&

a—-1

Subbinz=ax+by+c

. a
|.e.Z—ax+Ey+c

2. Solve z =px + qy + p* + ¢
Solution: Given  z=px+qy+p*+q*> i (1)
Which is the Claimant’s Form
Complete Integral
Subp=a,q=bin(1)
z=ax+by+a’ +b* ()
Which is the Complete Integral

Singular Integral




Diff (2) partially w.r.to a

0=x+2a
X==20 e 3)
Diff (2) partially w.r.to b
0=y—-2b
Y=2b 4)
To find a & b From (3) & (4)
B)=>x=-2a
—Xx
=7
4)=>y=2b

Suba&bin(2)
(2)= z=ax+ by +a*+ b?

2

= (e G+ () +6)

—x2 2 2 2
R A
2 2 2 2
—2x% 4 2y% + x* — y?
7z =
4

4z = y? — x*

Video Content/ Details of website for further learning (if any):

https:/ /www.youtube.com/watch?v=ehDMLRVNGrk

Important Books/Journals for further learning including the page nos:

1.K.Sankara Rao — Introduction to partial differential Equations , 3" Edition, Jan 2012, Page.No : 11-18
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Topic of Lecture:Solutions of standard types of first order partial differential equations

Introduction :A singular integral is an integral whose integrand reaches an infinite value at one or
more points in the domain of integration. Even so, such integrals can converge, in which case,
they are said to exist. (If they do not converge, they are said not to exist.)

Prerequisite knowledge for Complete understanding and learning of Topic:
1. Partial Differential Equations
2. Claimant’s Form
3. Singular Integral
4. Complete Integral
Detailed content of the Lecture:

Solvez =px+qy +1+p?+q?
Solution: Given z=px+qy+J1+p2+q> (1)
Which is the Claimant’s Form

Complete Integral

Subp=a,q=hbin(1)

z=ax+by+V1+a2+b> el 2)
Which is the Complete Integral

Singular Integral

Diff (2) partially w.r.to a

Omxt+0+——20 d(Vx) !
=X hA X)) = ——
2V1+ a? + b? 2+/x
____4a 3
X=—F=== 3)
Diff (2) partially w.r.to b
2b 1
0=y+0+——=-or—-d(Vx)=—
Y 2V1+ a? + b? () 2v/x
b
y——ﬁ ...................... (4)

To find a & b From (3) & (4)




2
($2+c®2=x2+y2=(————f;——ﬂz+(————£———>
v1+a? + b? V1+a?+ b2
5 5 a2 bZ
SRR sy gy
a’® + b?

b
W=y =T

Suba&bin(2)

2)>z=ax+by++V1+a?+b?
( y
—X -y 1

\/1—x2—y2+y\/1—x2—y2+\/1—x2—y2
1—x*—y?

J1—x%2—y?
z=4/1—x?—-y?

z2=1—-x%—y?

zZ=X

Z =

xX*+y?+z2 =1

Video Content/ Details of website for further learning (if any):

https:/ /www.youtube.com/watch?v=ehDMLRVNGrk

Important Books/Journals for further learning including the page nos:

1.K.Sankara Rao — Introduction to partial differential Equations , 3" Edition, Jan 2012, Page.No : 11-18
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Topic of Lecture:Lagrange’s linear equation

Introduction : The equation of the form Pp + Qq = R is known as Lagrange’s equation
when P, Q, R are functionof x , y, z .
The auxiliary equation can be solved in two ways
1. Method of grouping
2. Method of Multipliers
Prerequisite knowledge for Complete understanding and learning of Topic:
1. Lagrange’s linear equation
2. Auxiliary equation
3. Choosing Multipliers
4. Integration
Detailed content of the Lecture:
Solve (x* —yz)p + (% — zx)q = (z* — xy)

Solution:
Given: (x? —y2)p + (y* — zx)q = (z*> — xy) I ()
Which is of the form Pp + Qq =R
P = (x*-yz) Q= (y*—zx) R= (z° —xy)
Auxiliary Equation
dx dy dz
P Q R
dx dy dz

(Z—yz) (Z—z0) (22—xy)
Choosing (x,y,2)&(1,1,1) as Multipliers, we get

xdx + ydy + zdz _ dx +dy +dz
x(x? —yz) +y(y? —zx) + 2(z* —xy) (x* —yz) + (y* — zx) + (2% — xy)
xdx + ydy + zdz _ dx+dy+dz
x3—xyz+y3—xyz+z3—xyz x?—yz+y*—zx+2z?—xy
xdx +ydy +zdz dx +dy+dz
x3+y3+2z3-3xyz x?+y2+z2—yz—2zx— XY
xdx + ydy + zdz dx +dy+dz

(xz+y2+zz—yz—zx—xy)(x+y+z)=x2+y2+zz—yz—zx—xy




xdx +ydy +zdz dx+dy+dz
(x+y+z) 1

xdx+ydy+zdz= (x+y+z)d(x+y+2z)

Integrating , we get

fxdx+fydy+fzdz=f(x+y+z)d(x+y+z)+61

x? 2 72 X +y+2z)?
LA G ) NP
2 22 2

x*+y*+z°=(@x+y+2)>+20
x2+y?+z22=x24+y2+ 22+ 2xy+2yz + 2zx + 2C,
0=2xy+2yz+ 2zx + 2C;
xy+yz+zx =—C;

ie,u= xy+yz+zx

dx —dy dy —dz
@ =y -7 —z) G-z - (27— xy)
dx —dy dy —dz
xz—yz—y2+zx:y2—zx—zz+xy
dx —dy dy —dz
xz—yz—yz+zx:y2—zz—zx+xy
dx —dy dy —dz
xz—y2+z(x—y)=y2—zz+x(y—z)
dx —dy _ dy —dz
=&+ +zx-y) -2 +2)+x(y-2)
dx —dy dy —dz

G-Nx+y+zl G-Dx+y+2
dx—dy dy—dz
x—y) (-2

Integrating, we get

fd(x—y)= d(y — z)
(x—y) y—2)

log(x —y) =log(y — z) +logC,
log(x —y) —log(y — z) =logC,

+ log C,

(x—y)
10 m IOg CZ
(x—y)
(y—z) €2
=&—w
(y—2)

The solution of PDE is f(u,v) =0

(x—y)\ _
f(xy+yz+zx,(y_z)>—0




Video Content / Details of website for further learning (if any):

https:/ /www.youtube.com/watch?v=qWHNxKgO15g

Important Books/Journals for further learning including the page nos:

1.A.Neel Armstrong — Transform and partial differential Equations , 2" Edition, 2011, Page.No : 3.79-3.96
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Course Faculty : M.Nazreen Banu
Unit : V - Partial Differential Equations Date of Lecture:

Topic of Lecture:Lagrange’s linear equation

Introduction : The equation of the form Pp + Qq = R is known as Lagrange’s equation
when P, Q, R are functionof x, y, z .
The auxiliary equation can be solved in two ways
3. Method of grouping
4. Method of Multipliers
Prerequisite knowledge for Complete understanding and learning of Topic:
5. Lagrange’s linear equation
6. Auxiliary equation
7. Choosing Multipliers
8. Integration
Detailed content of the Lecture:
Solve x(z% — y*)p + y(x? — z%)q = z(y? — x?).

Solution:
Given x(z2 — y?)p + y(x? — z%)q = z(y? — x?)
x(y? = z%)p + y(z% — x¥)q = z(x? — y?) 1)

Which is of the form Pp + Qq = R
P=x(y*—z)Q = y(z> - xR = z(x* - y%)

Auxialiary Equation

dx dy dz
P Q R
dx dy dz
x(y2—z2)  y(ZZ—x3)  z(xZ—y?)
Choosing
111
(E'?’E)
as multipliers , we get
%dx+%dy+§dz i—x+dy—y+i—z

%x(yz —22) + %y(zz — x2) +§ z(x2 — y?) (2 -2z2)+ (22— x2) + (x2 —y?)




dx dy dz
— 42 4=

x y z

_y2—22+zz—x2+x2—y2

dx dy dz
Z— 424 =

X y z
0

. dx dy dz
lLe,—+—+—=
x 'y z

fdx+fdy+fdz—l
X y S 084a

logx +logy + logz = logc,
log(xyz) = logc,

Xyz = ¢,

0

Integrating, we get

i.e.,u =xyz
Choosing (x,y, z)as Multipliers, we get
xdx + ydy + zdz _ xdx + ydy + zdz
a2 = 2) +yy @~ 220~y 2= 22) 432~ x0) + 22— yD)
_ xdx +ydy + zdz
nyZ — xZZZ + yZZZ — y2x2 + ZZxZ — ZZyZ
_ xdx +ydy + zdz
0

fxdx+fydy+fzdz=c2

xZ yz ZZ
72'+'?Z'+'2?-— Cy

x*+y%+2z%=2c

Integrating, we get

xX2+yi+zi=v
The solution of the given PDE isf (u.v) = 0
flxyz,x* +y*+2z%) =0

Video Content/ Details of website for further learning (if any):

https:/ /www.youtube.com/watch?v=qWHNxKgO15g
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Topic of Lecture:Linear partial differential equations of second and higher order with constant
coefficients of homogeneous when the R.H.S is e>*?

Introduction :A Partial differential equation is one which involves partial derivatives.
A PDE is said to be linear, if the dependent variable and partial derivatives occur in the first
degree only and separately.
Two Types:

1. Homogeneous Linear partial differential equations with constant

2. Non Homogeneous Linear partial differential equations with constant
Prerequisite knowledge for Complete understanding and learning of Topic:

1. Linear partial differential equations

2. Homogeneous and Non Homogeneous

3. Auxiliary Equation

4. Complementary Function

5. Particular Integral
Detailed content of the Lecture:

1. Solve: (D? +2DD’ + 2D'?)z = sinh(x + y) + e**?Y
Solution:

Given (D? + 2DD' + 2D'?)z = sinh(x + y) + e**?Y
eXty — o= (x+y)

(D? +2DD' +2D")z = 5 + e+

1 1
(D? +2DD' +2D'*)z = Ee“y — Ee‘("“’) + eX+2y

(D2 4+2DD' +2D'?)z =Pl + P, + Pl e, (1)
SubD =m&D =1in(1)
Auxiliary Equation
m2+2m+1=0
m2+2m+1=0
(m+1)?%=0
m=-1,-1
Complementary Function
CF=fH—x)+xf(y—x)
Particular Integral




1 1
PI, = Se*ty
1= D2+ 20D +2D022°
2(D + D')?
RS S
2(1+1)2
Pll == —€x+y
1 1
PI, = e (x+y)
27 D24 2DD' +2D"?2
— 1;6_(96-'-3/)
2(D + D)2
L1 Xy D=a=-1&D'=b=-1
T2(1-1)2° —a= —°=
1
PIZ —_ —ge_x_y
1
Pl, = x+2y
7 D2+2DD' +2D"
= ;exﬁy
(D + D')?
1
= —_eX*2y D=a=1& ' =b=2
1+2:2° a
P13 — %ex+2y
PI = PI; + PI, + PI;
1 1 1
— _pXty _ _ Xy _px+2y
PI 8e 8e + 9e
Complete Solution
z=C.F+ Pl

1 1 1
Z :fl(y_x) +xf2(y—X) +§ex+y —ge_x_y +§ex+2y

Video Content/ Details of website for further learning (if any):
https:/ /www.youtube.com/watch?v=tHqx1qxA8q4

Important Books/Journals for further learning including the page nos:

1.A.Neel Armstrong — Transform and partial differential Equations , 2 Edition, 2011,
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Topic of Lecture:Linear partial differential equations of second and higher order with constant
coefficients of homogeneous when the R.H.S is x™y"m,n>0

Introduction :A Partial differential equation is one which involves partial derivatives.
A PDE is said to be linear, if the dependent variable and partial derivatives occur in the first
degree only and separately.
Two Types:

3. Homogeneous Linear partial differential equations with constant

4. Non Homogeneous Linear partial differential equations with constant
Prerequisite knowledge for Complete understanding and learning of Topic:

6. Linear partial differential equations

7. Homogeneous and Non Homogeneous

8. Auxiliary Equation

9. Complementary Function

10. Particular Integral
Detailed content of the Lecture:

2. Solve: (D? + DD' — 6D'?)z = e3**Y4+x2%y

Solution:
Given (D2 + DD’ — 6D'?)z = e3**Y +x2y

(D2+DD' — 6Dz =Pl +Pl, i (1)
SubD =m&D =1in(1)
Auxiliary Equation
mi+m—-6=0
m2+3m—-2m—-6=0
mm+3)—2(m—2)=0
(m+3)(m—-2)=0
m=2-3

Complementary Function

C.F=fily+2x)+ f,(y —3x)
Particular Integral

1

— e3X+y
D2 + DD’ — 6D"?

PI,




1

= 3x+y D=a=3&D =b=1
B+ M- 607 1T =D
— 1 3x+y
9+3-6
1
PI, = — 3x+y
1 66’
Pl, = ! 2
2= Dp*+DD' —602" 7
1 2
= 7 XY
DD'  6D'?
Dz (1420 —220)
- 11)’ 6D'2 X’y
2 —_
D (1+D D2)

2 D DZ

1 D' 6D'2 D' 6D'2\*
=—|1-|=—— 4+ — = — ...
D2 D D2 D D2

D'(x%y) = xD"?(x%y) = 0 -~ Omitting D'? and higher power of D"2

1[ D 6D’Zl_1 ,
x2y

x2y

1 D' 5
=Dz 1 Y
1, D)., .. . .
=XV -—p D' Differentiate with respecttoy
1
=5z |* 2y —— leferentlate with respect to x
1
= xzy — —l Differentiate with respect to x
[—y ——|= Differentiate with respect to x
_ 1x* 1 x°
347 125
xty x°
Pl, = ry_x
12 60
PI = PI; + PI,
1 xty x5
— Zp3x+y 4, 2
=gt 12 6o
Complete Solution
z=C.F+PI
1 xty x°
z=fily+2x)+ fL,(y —3x) +— e3x+y + 12y 0

Video Content / Details of website for further learmng (if any):
https:/ /www.youtube.com/watch?v=tHqx1qxA8q4
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Topic of Lecture:Linear partial differential equations of second and higher order with constant
coefficients of homogeneous when the R.H.S is sin (ax + by)

Introduction :A Partial differential equation is one which involves partial derivatives.
A PDE is said to be linear, if the dependent variable and partial derivatives occur in the first
degree only and separately.
Two Types:

5. Homogeneous Linear partial differential equations with constant

6. Non Homogeneous Linear partial differential equations with constant
Prerequisite knowledge for Complete understanding and learning of Topic:

11. Linear partial differential equations

12. Homogeneous and Non Homogeneous

13. Auxiliary Equation

14. Complementary Function

15. Particular Integral
Detailed content of the Lecture:

1. Solve: (D3 —7DD? — 6D3)z = 3**Y + sin(x + 2y)
Solution:

Given (D3 —7DD? —6D3)z = e¥*" +sin(x + 2y)..ccoieniiiiin, (1)

(D% —7DD? — 6D %)z =PI, + P,

SubD =m&D =1in(1)
Auxiliary Equation

mi—7m—-6=0
m = —1 is one of the root

By Synthetic Division Method

1 0 -7 -6
0 -1 1 6

|1 -1 -6 0

Remaining Equation
m2—-2m—-6=0
m2—3m+2m—-6=0
m(m—-3)+2(m—-3)=0




(m-3)(m+2)=0
m=-2,3
~m=-1,-2,3
Complementary Function

C.F=fiy—x)+xf,(y —2x) + f3(y + 3x)
Particular Integral

1
Pl, = s = 7DD% = eD? XY i (2)
1 ’
OO0 A
— 1 3x+y
27—-21-6
1
Pl, = 6e3x+y Demominator Zer
Diff (2) partially with respect to D
1
— 3x+y
Pl =x3pz —7pz°
1 ’
P11=XWG3X+Y D=a=3&D =b=1
— 3x+y
PI; x27 — e
X
PIl = %esx-’-y
1 .
PI, = 5T D07 —€h3 sin(x + 2y)
1
sin(x + 2y)

~D2D —7DD? —6DD?2
D?=—q?=—1,DD = —ab=—2,D? = —b? — 4
1
~ (=1)D — 7D(—4) — 6(—4)D?2
1
=D +28D +24p "X +2)
1

=370 1 24p S +2)

11
~3(9D +8D)
1 D
~3D(OD+8D)
1D sin(x + 2y)
~3(9D2+8DD)
1 cos(x +2y)
~39(—1) + 8(-2)

sin(x + 2y)

sin(x + 2y)

sin(x + 2y)

D?=-a?=-1,DD'=—ab=-2,D%?=—-b?> -4




1 cos(x +2y)

3 -9-16
1cos(x +2y)
~3° —25
1
Pl, = —7—Scos(x + 2y)
PI = PI, + PI,
Pl = Zioe3X+y - %cos(x + 2y)
Complete Solution
z=C.F+ Pl

X 1
z=fily—x)+xf,(y —2x)+ f3(y + 3x) + %e?’“y — %cos(x + 2y)

Video Content / Details of website for further learning (if any):
https:/ /www.youtube.com/watch?v=tHqx1qxA8q4

Important Books/Journals for further learning including the page nos:

1.A.Neel Armstrong — Transform and partial differential Equations , 2 Edition, 2011,
Page.No : 3.97-3.121
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Topic of Lecture:Linear partial differential equations of second and higher order with constant
coefficients of homogeneous when the R.H.S is cos (ax + by)

Introduction :A Partial differential equation is one which involves partial derivatives.
A PDE is said to be linear, if the dependent variable and partial derivatives occur in the first
degree only and separately.
Two Types:

7. Homogeneous Linear partial differential equations with constant

8. Non Homogeneous Linear partial differential equations with constant
Prerequisite knowledge for Complete understanding and learning of Topic:

16. Linear partial differential equations

17. Homogeneous and Non Homogeneous

18. Auxiliary Equation

19. Complementary Function

20. Particular Integral
Detailed content of the Lecture:

3. Solve: (D® + D?D'—DD? —D®)z =e**" + cos(x + y)
Solution:

Given (D3 + D?2D'—DD? —D®)z = e?**Y + cos(x + y)

(D34 D2D'—DD?—-D®)z =Pl +Pl, (1)
SubD =m&D =1in(1)
Auxiliary Equation

m*+m>—m—-1=0
m = 1 is one of the root
By Synthetic Division Method

1 11 -1 -1
0 1 2 1
| 1 2 1[0

Remaining Equation
m2+2m+1=0
m2+2m+1=0




~m=-1,-1,1
Complementary Function
C.F=fiy—x)+xf,(y —2x) + f3(y + 3x)

Particular Integral

1
PI — . . . 2x+y
LT D +D2D —DD?—D3°
1
= 2xty D=a=2&D ' =b=1
@+ 2P - @@ - () ° a=z&b =b
— 1 e2x+y
8+4—2-1
1
PI - _ 2x+y
1 9e
1
Pl, = D 1 DI —DDZ D73 cos(X + Y) e vev i v (2)
1
cos(x + y)

~D?2D+D?D —DD?—DD?
D2=—q2=—1,DD =—ab=—-1,D%=—b2—1

1
= DD+ (DD — DD - DD & + V)
=_p_ Dfl_l_ D+ D,cos(x + ) Demominator Zero
Diff (2) partially with respect to D
1
=X3p23 200 —pz S + )
1
cos(x + y)

“3CED 420D - (D)
D% = —q? = —1,DD' = —ab = —1,D'2 =—-phz2 -1

! x + )
=Xz peostx +y

X
Pl, = —Zcos(x + y)
PI = PI; + PI,
1 X
— _a2x+ty _ _
PI g€ 4cos(x + y)
Complete Solution

z=C.F+PI

2= /=0 +xfoly = 1) + faly +3) + 55 ~Leos(x + )

Video Content / Details of website for further learning (if any):
https:/ /www.youtube.com/watch?v=tHqx1qxA8q4
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