21BSS21 & ADVANCED CALCULUS AND COMPLEX ANALYSIS
Topic of Lecture : Introduction to Ordinary Differential Equation

Introduction: A Differential Equation is an equation with a function and one or more of its derivatives.
equation

y + = bx

d

Yy
Example : An equation with the function Y and its derivative d_
X

Prerequisite knowledge for Complete understanding and learning of Topic :
Differential Equations can describe how populations change, how heat moves, how springs vibrate, how radioactive
material decays and much more. They are a very natural way to describe many things in the universe.

The first major grouping is:
e Ordinary Differential Equations (ODEs) have a single independent variable (like y).
e Partial Differential Equations (PDESs) have two or more independent variables.

We are learning about Ordinary Differential Equations here!

Detailed content of the Lecture:
The general form of the linear differential equation of second order is
d®y dy
—+P->4+Qy=R
dx? dx Qy
Where P and Q are constants and R is the function of x or constant.

Differential operators

The symbol D stands for the operation of differential
2

. d d
(&) Dy =gy Dy=o%

% stands for the operation of integration.
% stands for the operation of integration twice.

d d
ﬁ + P % + Qy = R can be written in the operator form D%y + P Dy + Qy = R (or)
(D?+PD+Q)y=R

Complete Solution is y = Complementary function + Particular Integral

To find the Complementary functions

S.NO Roots of Auxiliary Equation Complementary function

1 TYPE -1 Ae™1* 4 Be™2*
Roots are real and different

2 TYPE-2 (Ax + B)e™
Roots are real and equal

3 TYPE-3 e (AcosfBx + Bsinfix)




| | Roots are imaginary

To find the Particular Integral

-1
P.I—f(D)X
S.NO X P.1
1 e -1 Lax—
P.l f(D)e (D) fla)#0

axm f(@ =0, (@) # 0

=x2e® — f(a) = 0, £ (a) = 0, f"(@) # 0

2 X! PA =g X"=[f (D))" 2"
Expand [f(D)]"! and then operate.
3 sinax (or) cos ax P. I—m[sm ax (or) cos ax]
Replace D? by —a?
4 e d(x —_ 1 _ax = pax
¢(x) P.1= f(D)e P (x)= f(m) P (x)

Video Content / Details of website for further learning (if any):
https://www.youtube.com/watch?v=HKvP2ESjJbA

Important Books/Journals for further learning including the page nos.:
1. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 243-265
2. B.V.Ramana, Higher Engineering Mathematics, Tata MC Graw Hill Education PVT
Limited. Page No: 9.5

Topic of Lecture : Higher Order Linear Differential Equations with Constant Coefficients

Introduction : The solutions of linear differential equations with constant coefficients of the third order or higher can
be found in similar ways as the solutions of second order linear equations.

Prerequisite knowledge for Complete understanding and learning of Topic :
Second-order linear differential equations are used to model many situations in physics and engineering. For Example

e Mass attached to a vertical spring and an electric circuit containing a resistor, an inductor, and a
capacitor connected in series is modeled as differential equations.

e Bonds between atoms or molecules are often modeled as springs that vibrate, as described by
these same differential equations.


https://www.youtube.com/watch?v=HKvP2ESjJbA

Detailed content of the Lecture:
1. Solve (D*+D +1)y =0

Given (D*+D +1) y =0

The auxiliary equation is m*+m+1 = 0.

. ~b++b*-4ac  -1++1° -4

-1++/-3

2a 2
_—1+iv3
= T
Here, the roots are imaginary.
% J3 J3

CF=e? (Acos > x+ Bsin X2 x)
2 2

The general solution is given by
1

y=e2 (Acos
2. Solve (D2 —-5D +6)y = 0.
Given(D? - 5D+ 6)y =0

The auxiliary equation is m-5m+6 = 0.
The roots are real and distinct.

C.F=Ae?* + Be3*
y=Ae?* + Be®*

3. Solve (D? + 6D +9)y = 0.
Given (D? + 6D + 9)y = 0.
The auxiliary equation is m*+6m-+9 = 0.
The roots are equal.

C.F=(Ax + B)e™3*

y=(Ax + B)e™3*

4. Find the P.1 of (D?-2D+5) y = e* sin2x.
1

Pl=————e*sin2x
D°-2D+5
x 1 .
=e 5 sin 2x
(D+1f -2(D+1)+5
=e* 1 sin 2x

D?+1+2D-2D-2+5

2

V3 V3

— X+ Bsin—x)
2 2

iem=2m=3

ie,.m=-3m=-3



X

=e sin 2x

D*+4

X

=e sin 2x

—-4+4

= xe* isin 2X
2D

2

«1(—cos2x) —xe*cos2x

2 4
Video Content/ Details of website for further learning (if any):
https://www.youtube.com/watch?v=0DxP7BbgAjA
https://www.youtube.com/watch?v=V9bl02Ffo_o

https://math.libretexts.org/Bookshelves/Calculus/Book%3A Calculus (OpenStax)/17%3A_Second-
Order_Differential Equations/17.3%3A_Applications of Second-Order Differential Equations

Important Books/Journals for further learning including the page nos.:
1. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 243-265
2. B.V.Ramana, Higher Engineering Mathematics, Tata MC Graw Hill Education PVT
Limited. Page No: 9.5

Topic of Lecture : Higher Order Linear Differential Equations with Constant Coefficients

Introduction: The solutions of linear differential equations with constant coefficients of the third order or higher can be
found in similar ways as the solutions of second order linear equations.

Prerequisite knowledge for Complete understanding and learning of Topic :
Second-order linear differential equations are used to model many situations in physics and engineering. For Example
e Mass attached to a vertical spring and an electric circuit containing a resistor, an inductor, and a
capacitor connected in series is modeled as differential equations.
e Bonds between atoms or molecules are often modeled as springs that vibrate, as described by
these same differential equations.
Detailed content of the Lecture:

1. Solve (D*4D +4) y=e* +c0s2x
Given (D*4D +4)y =0
The auxiliary equation is m?- 4m +4=0
(m-2)(m-2)=0
m=2, 2
The roots are real and distinct.
C. F= (Ax+B)e*


https://www.youtube.com/watch?v=ODxP7BbqAjA
https://www.youtube.com/watch?v=V9bl02Ffo_o
https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Calculus_(OpenStax)/17%3A_Second-Order_Differential_Equations/17.3%3A_Applications_of_Second-Order_Differential_Equations
https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Calculus_(OpenStax)/17%3A_Second-Order_Differential_Equations/17.3%3A_Applications_of_Second-Order_Differential_Equations

D=a=2 & Denominator=0

_ -1 osox D?=- 2%=4
4

Z—EICOSZXdX
4

:_—15in 2X
8

The Solutionisy=C.F+ P.l,+ P.I,
2
X 1.
= (Ax+B)e®+ —e”* - =sin 2x
2 8

Video Content/ Details of website for further learning (if any):

https://www.youtube.com/watch?v=0ODxP7BbgAjA
https://www.youtube.com/watch?v=V9bl02Ffo o
https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Calculus_(OpenStax)/17%3A_Second-
Order_Differential Equations/17.3%3A_Applications _of Second-Order Differential Equations



https://www.youtube.com/watch?v=ODxP7BbqAjA
https://www.youtube.com/watch?v=V9bl02Ffo_o
https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Calculus_(OpenStax)/17%3A_Second-Order_Differential_Equations/17.3%3A_Applications_of_Second-Order_Differential_Equations
https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Calculus_(OpenStax)/17%3A_Second-Order_Differential_Equations/17.3%3A_Applications_of_Second-Order_Differential_Equations

Important Books/Journals for further learning including the page nos.:
3. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 243-265
4. B.V.Ramana, Higher Engineering Mathematics, Tata MC Graw Hill Education PVT

Limited. Page No: 9.5
Topic of Lecture : Higher Order Linear Differential Equations with Constant Coefficients

Introduction: The solutions of linear differential equations with constant coefficients of the third order or higher can be
found in similar ways as the solutions of second order linear equations.

Prerequisite knowledge for Complete understanding and learning of Topic :
Second-order linear differential equations are used to model many situations in physics and engineering. For Example

e Mass attached to a vertical spring and an electric circuit containing a resistor, an inductor, and a
capacitor connected in series is modeled as differential equations.
e Bonds between atoms or molecules are often modeled as springs that vibrate, as described by
these same differential equations.
Detailed content of the Lecture:

1. Solve (D?+3D -2) y=2 cos(2x+3)+2 e*
Given (D*+3D-2) y=0
The auxiliary equation is m* +3m -2=0
(m-1)(m-2)=0
m=1, 2
The roots are real and distinct.
C. F= Ae*+Be*

1
P.l =————[2cos(2x+3) + 2e*
D" 3Dl B I rzedl
=2(2;cos(2x+3)+2;ej
D°-3D+2 D°-3D+2
=2(Py+ P, ) @)
1
Pl = —————cos(2x+3 D? » -4
' D?-3D+2 ( ) ( )
= L cos(2x+3)
—4-3D
1
= cos(2x+3)
3D -
I cos(2x+3) = —LsD_zcos(2x+3)
3D+2 3D+23D-2
3D+2

:_—4cos(2x+3) (D* > -4)



_-3D+2
—36-4

:Z—;[—SD [cos (2x+3) ]+2 cos (2x+3)]

cos(2x+3)

:Z—é[a Sin (2x+3) + 2cos (2x+3)]

P.Il:;—;[B Sin (2x+3) + cos (2x+3)]

1 x
P.|2=me (D - 1)

A )
P.l :E[3 Sin (2x+3)+cos (2x+3)}—2xe

The Solution isy=C.F + P.

:Aex+Be2X—%[3 Sin (2x+3)+cos (2x+3)]-2xe’

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=0DxP7BbgAjA
https://www.youtube.com/watch?v=V9bl02Ffo o
https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Calculus (OpenStax)/17%3A_Second-
Order_Differential Equations/17.3%3A_Applications of Second-Order Differential Equations

Important Books/Journals for further learning including the page nos.:
5. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 243-265
6. B.V.Ramana, Higher Engineering Mathematics, Tata MC Graw Hill Education PVT
Limited. Page No: 9.5

Topic of Lecture : Higher Order Linear Differential Equations with Constant Coefficients

Introduction: The solutions of linear differential equations with constant coefficients of the third order or higher can be
found in similar ways as the solutions of second order linear equations.


https://www.youtube.com/watch?v=ODxP7BbqAjA
https://www.youtube.com/watch?v=V9bl02Ffo_o
https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Calculus_(OpenStax)/17%3A_Second-Order_Differential_Equations/17.3%3A_Applications_of_Second-Order_Differential_Equations
https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Calculus_(OpenStax)/17%3A_Second-Order_Differential_Equations/17.3%3A_Applications_of_Second-Order_Differential_Equations

Prerequisite knowledge for Complete understanding and learning of Topic :
Second-order linear differential equations are used to model many situations in physics and engineering. For Example
e Mass attached to a vertical spring and an electric circuit containing a resistor, an inductor, and a
capacitor connected in series is modeled as differential equations.

e Bonds between atoms or molecules are often modeled as springs that vibrate, as described by
these same differential equations.
Detailed content of the Lecture:

1. Solve (D?-4D +3) y=e* cos2x
Given (D*4D +3)y =0
The auxiliary equation is m*- 4m +3=0
m? — 3m-m +3=0
m (m-3)-1 (m-3)=0
(m-21)(m-3)=0
m=1, 3
The roots are real and distinct.
C. F= Ae*+Be™

P.l =2;eX COS 2X
D°-4D+3
) 1
(D+1)"-4(D+1)+3
x 1

=€ — COS 2X
D°+1+2D-4D-4+3

=e COS 2X

1
=€ ————C0S2X
D*-2D



1
=e COS 2X
4-2D

g (2D-2)
(2D +4)(2D-4)

=—¢* —(ZDZ —4) S 2X
(4D? —16)

__(2D-4)

COS 2X

C0S 2X

:exmcoszx
o [2D(cos 2x) —4cos 2x]
32

o [D(cos2x) —2cos 2x]
16

o [-2sin2x —2cos 2xX]
16

_ e [sin2x+cos 2x]
8

The Solution is y= C.F + P.I
« [Sin 2x+cos 2X]

8

= Ae*+Be¥>* —e

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=ODxP7BbgAjA
https://www.youtube.com/watch?v=V9bl02Ffo o
https://math.libretexts.org/Bookshelves/Calculus/Book%3A Calculus (OpenStax)/17%3A_Second-
Order_Differential Equations/17.3%3A_Applications_of Second-Order_Differential Equations

Important Books/Journals for further learning including the page nos.:
7. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 243-265
8. B.V.Ramana, Higher Engineering Mathematics, Tata MC Graw Hill Education PVT
Limited. Page No: 9.5

Topic of Lecture : Cauchy’s and Euler's equations


https://www.youtube.com/watch?v=ODxP7BbqAjA
https://www.youtube.com/watch?v=V9bl02Ffo_o
https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Calculus_(OpenStax)/17%3A_Second-Order_Differential_Equations/17.3%3A_Applications_of_Second-Order_Differential_Equations
https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Calculus_(OpenStax)/17%3A_Second-Order_Differential_Equations/17.3%3A_Applications_of_Second-Order_Differential_Equations

Introduction :

In mathematics, an Euler-Cauchy equation, or Cauchy-Euler equation, or simply Euler's
equation is a linear homogeneous ordinary differential equation with variable coefficients. It is
sometimes referred to as an equidimensional equation. Because of its particularly simple
equidimensional structure the differential equation can be solved explicitly.

Prerequisite knowledge for Complete understanding and learning of Topic :

1. Differentiation
2. Complementary function
3. Particular integral

Detailed content of the Lecture:

2
1. Solve x? % - x% + 4y = x*siniflog x)
Given (x?D? — xD + 4)y = x?siniflog x) 1—>
Step-1:
x=et xD =16

Lett =logx x?D?>=6(6-1)
Using this in (1)
(68 —1)—6+4)y =e’sint
(6% — 26 + 4)y = e?*sint —>
Step-2:
Sub: 6 =m
Auxiliary equation: m? —2m +4 =0
m=1++3.
Hence the roots are complex.
C.F: et (AcosV3t + Bsiny/3t)
Step-3:

P.I = ,1 e?sint

(D -1)
A - L sint
(@+2)"-2(0+2)+4




:e”;sint
(6° +20+4)

=e” ! sint
(20+3)
_en (2073 gy
(20 +3)(260-3)
_e? [260(sint) —3sint]
46° -9
_ et [2cost —3sint]
-13
_ o [3sint—2cost]
13

Step-4:
The Complete Solution = C.F + P.I
2 [3sint —2cost]

13

y= et (AcosV3t + BsinV3t) +€
Step-5:
Using this x = ef, t = logx iny
» [3sin(log x) — 2cos(log x)]

y=x(Acosv3logx + Bsiny3logx) + X 13

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=1HKn9lvYiEM
https://www.youtube.com/watch?v=H7Ji3m1wTSY
https://www.youtube.com/watch?v=MyBrs3|_-rw

Important Books/Journals for further learning including the page nos.:
9. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 266-285
10. B.V. Ramana, Higher Engineering Mathematics, Tata MC Graw Hill Education PVT
Limited. Page No: 9.25

Topic of Lecture : Cauchy’s and Euler's equations

Introduction:

In mathematics, an Euler-Cauchy equation, or Cauchy-Euler equation, or simply
Euler's equation is a linear homogeneous ordinary differential equation with variable coefficients.
It is sometimes referred to as an equidimensional equation. Because of its particularly simple


https://www.youtube.com/watch?v=1HKn9IvYiEM
https://www.youtube.com/watch?v=H7Ji3m1wTSY
https://www.youtube.com/watch?v=MyBrs3l_-rw

equidimensional structure the differential equation can be solved explicitly.

Prerequisite knowledge for Complete understanding and learning of Topic :

4. Differentiation
5. Complementary function
6. Particular integral

Detailed content of the Lecture:
1. Solve (x?D? — xD + 1)y = H{*E) 1)

x=e’ xD =D’
Letz =logx x?D? =D'(D"-1)
Using this in (1)
(D'(D'=1)—D' +1) A
“0-5 4y (3)
(D2 — 2D' + 1)y = %™
Sub: 6 =m
Auxiliary equation: m? —2m+1 =0

m=1,1.

C.F=(Az+B) e’ =(Alog x +B) x

P.I=1/ (D' -1)* Z? e #=e %1/ [(D’ -2)-1]* Z?
=e?1/(D'-3)°Z*=e#1/(3-D") 2Z?
=e#91/[1-DY/31* Z>= e #9 [1- D'/3]* Z°
=e#/9[1+2 D'/3 + (D'/3)*+......] Z*

The Solution isy=C.F + P.1
== (A log x +B) x +1/27x?[3(log X) ? +4 log x+2]



Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=1HKn9lvYiEM
https://www.youtube.com/watch?v=H7Ji3m1wTSY
https://www.youtube.com/watch?v=MyBrs3|_-rw

Important Books/Journals for further learning including the page nos.:
11. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 266-285
12. B.V. Ramana, Higher Engineering Mathematics, Tata MC Graw Hill Education PVT
Limited. Page No: 9.25

Topic of Lecture : Method of variation of parameter

Introduction : To Finding the general solution of the second order differential equation.
To determine whether the solution of a homogeneous differential equation are linearly independent. Wronskain: To
determine whether the solution of a homogeneous differential equation are linearly independent.

Prerequisite knowledge for Complete understanding and learning of Topic :
1. Fundamental system
2. Cramer’s rule
3. Wronskain determinant
Detailed content of the Lecture:
1. Solve (D? + a?)y = tanax by the method of variation of parameters
Solution :
Given :(D? + a?)y= tanx

M? + a?=0
M? = —q?
M = tai
— ,0x
CF=e [Cl cos ax +cpsinax |
= ¢ cosax + c;sinax

Here f; = cosax f> = sinax
fi = —sinaxa f2 = cosaxa
=-asinax =acosax

fifz — fif, = cosax(acosax) — (—asinax)(sinax)
=a cos’ax + a sinax = a(cos?ax + sin*ax) = a

Here x = tanax
P.I=[Pf; + Qf;]

_ f2x
P= fflfz’—fffz dx


https://www.youtube.com/watch?v=1HKn9IvYiEM
https://www.youtube.com/watch?v=H7Ji3m1wTSY
https://www.youtube.com/watch?v=MyBrs3l_-rw

sinax tanax
_ [ Sinax tanax
a

. sinax
stnax —

— _f cosax

2a
-1 sin“ax
— | ——dx

a cosax
-1 1—cos%ax

= —dx

a cosax 5
-1 1 cos“ax
= (-

=1 -
= — ([ secax dx — [ cosax dx)

_ -1 |:log (secax +tanax ) sinax ]

cosax cosax

a a a
P :;—21 [log(secax + tanxax) — sinax]
fix
= ———dx
Q fflfz_flfz
f cosax +tanax

cosax +acosax +sinax +sinax

cosax taxax
:f 2 2 dx
acos “ax +asin “ax

1 sinax
=—cosax dx
a cosax

1. .
== [ sinax dx
a

—1 cosax
=——dx

a a
P.I=Pf] + Qf;
P.IZ(;—Z1 [log(secax + tanax) — sinax])cosax
Y=C.F+P.l
Y=c,cosax + c,sinax — aLZ (log[secx + tanax] — sinax)cosax —

cosax .
sinax

a2

cosax .
sinax

a2
Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=kFto6Hjlp0Q (Method of variation of parameter)

Important Books/Journals for further learning including the page nos.:
13. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 266-285
14. B.V. Ramana, Higher Engineering Mathematics, Tata MC Graw Hill Education PVT
Limited. Page No: 9.29

Topic of Lecture : Method of variation of parameter

Introduction : To Finding the general solution of the second order differential equation.
To determine whether the solution of a homogeneous differential equation are linearly independent. Wronskain: To
determine whether the solution of a homogeneous differential equation are linearly independent.

Prerequisite knowledge for Complete understanding and learning of Topic :
4. Fundamental system
5. Cramer’s rule
6. Wronskain determinant


https://www.youtube.com/watch?v=kFto6HjIp0Q

Detailed content of the Lecture:
1. Solve (D? + a?®)y = secax by the method of variation of parameters

Solution :
Given (D? + a?) = secax
Replace D=m
m?+a®>=0

2= —a’m = +ai

m
C.F =e®(c; cosax + c; sinax)
=c; cosax + ¢, sinax

fl=cosax f2=sinax

fi = —sinaxaf, = cosax a
=-asinax = aco sax
P.l :Pfl + Qf2
P=[—"2dx
f 1f 2 f 1f 2
- sinax—secax dx
- cosax.acosax+a.sinax.Sin ax

f sin ax .sec ax d

a

dx

= ——f sinax.
cosax

1
= ——[tanaxdx

1 rloga(secax)
Ta | T]

p— [— log axa(sec ax)]

f1x
Q fflfz —f1f2 dx

_f COoSs ax .sec ax d
a

=1
=—[dx

X

Q==



P.l=pfi+qf;

_ —log(sec ax) cos ax

X .
5 + —sinax
a a

Y=C.F +P.l

logifsec ax ) cos ax

. X .
= ¢y cosax + ¢, sinax — +=sinax

a2
Video Content / Details of website for further learning (if any):
https://www.youtube.com/watch?v=kFto6HjIp0Q (Method of variation of parameter)
Important Books/Journals for further learning including the page nos.:
15. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 266-285

16. B.V. Ramana, Higher Engineering Mathematics, Tata MC Graw Hill Education PVT
Limited. Page No: 9.29

Topic of Lecture : Legendre’s Linear Equation

Introduction :

n n—1
The equation of the form (ax + b)" ixi + ky(ax + b)»! ZXT_{ + Ky = f(X)

Can be reduce to homogeneuse linear differential equation by putting the substitution ax + b = e? or z =
log(ax + b)
Put (ax + b)D = aD'y
(ax + b)?D? = a?D' (D' — 1)y
(ax +b)*D3 =a®D' (D' — 1)(D' - 2)y
Prerequisite knowledge for Complete understanding and learning of Topic :
1. Frobenius Method
2. Legendre’s Polynomial
3. Linear operator

Detailed content of the Lecture:

2
1. Transform the equation (2x +3)* % —(2x+ 3)% —12y = 6x into a differential equation
X X

with constant coefficients


https://www.youtube.com/watch?v=kFto6HjIp0Q

2
(2x+3) 3 y (2x+3)%12y =6x — ()

X2
put
(2x+3)=e*,z =log(2x +3)

(2x+3)’D? =400 -1)y

d
2x+3)D =26y,0 = —
(2x+3)D = 264,60 =

Q) = (40° —60 -12)y =3e* -9

2
2. Solve (x + 1)? ‘fi—: + (x+ 1)% + y = 4 cos[log(x + 1)]

Solution :
Given((x+1)’D*+(x+1)D+1)y=4coslog(x-+1)----------- (1)

x+1=¢'"  x=ge"-1 (x+1)D=6

Let (x+1)’D’=1°0(6-1)=6°-6

Log(x+1)=t

(6%-6+6+1)y=4cost

(S ) Yo/ [oe = S — )

subO=m

Auxiliary Equation:m®+1=0
M=+i Roots are complex
Complementary function:
C.F=e"[Acos t+Bsin t]

Particular integral

1

P.I=
02+1

4cos t

=4 cost
—-1+1
1
=4t—cos t
20
=2t[cos tdt
Particular integral : P.l =2tsin t

Complete solution : C.S=C.F+P.I
Using this e'=(x+1) and t=log (x+1) iny



Y=A coslog(x+1)+B sinlog(x+1)+2log(x+1)sinlog(x+1)

Video Content/ Details of website for further learning (if any):

https://www.youtube.com/watch?v=FN7ysBTIqwM (Legendre’s linear equations)

Important Books/Journals for further learning including the page nos.:
17. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 266-285
18. B.V. Ramana, Higher Engineering Mathematics, Tata MC Graw Hill Education PVT
Limited. Page No: 9.25

Topic of Lecture : Simultaneous differential equations with constant coefficient

Introduction :

Solving of a simultaneous differential equation means we have to find the dependent variables in
terms of independent variable . To get complete solution , a simultaneous equation must contain
as many equations as there are number of dependent variable .

Prerequisite knowledge for Complete understanding and learning of Topic :

1.Classification of differential equation.

2.Separable differential equation.

3.Exact differential equation.

4. Homogeneous differential equation.

Detailed content of the Lecture:

1. Eliminate y from the system % +2y = —sint;% —2X = cost

Given %+2y=—sint ﬂ—2x=cost
dt dt

Dx+2y=-sint ....... €)) Dy-2x= cost..... (2)
() x D = D*x + 2Dy = —D(sint) D?x+ 2Dy =—cost ......... 3)
(2)x2= 2Dy —4x = 2cost 2Dy —4x =2cost .......... 4)
@3) - (4) = (D* +4)x = —3cost
After eliminating y we get (D? +4)x = —3cost
2. 80|ve2—§+2x+3y= 0,3x +2+2y=2¢e%


https://www.youtube.com/watch?v=FN7ysBTIqwM

Solution :
Dx+2y+3y=0
(D+2)x+3y=0 — (1)

3x+Dy+2y=0
3x+(D+2)y=0 — (2)
(D) * (D +2) = (D +2)*x +3(D+2)y =0
=  9x+3(D + 2 )y=6e?*

(2) x3
(D + 2)%x — 9x = —6e™
(D? + 4D+4) -9x= -6
D2x + 4D + 4x — 9x = —6e*
D?x+4Dx-5x=-6e2
(D* +4D —5)x =m
Replace D=m
m? +4m—5=0
(m-1)(m+5)=0
m=1, m=-5
C.F= Ae’ + Be ™t
Pl=———— — 6%
D2+4D—5
___ 6 2t
D%2+4 D-5
Hear a=2
Replace D=a=2
—__6 ou
(2)2+4(2)-5
PI=""e2
7
x=Aet + Be™>t — gen
dy
3y:-2X-E
Z_’t‘ =Ae' + Be™>'(-5) — geu(z)
3y=-2[Ae’ + Be 5t — ge“] — [Ae* +5Be™> + %"’Zt -
Aet +5Be St + et
7 24 ot

3y=-3Aet — ZBe_St + 76
3y:-3[Aet + Be_St + geZt]

y:-Aet - Be_St + geZt



Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=-k4L4dYQb8o (simultaneous first order linear equations with constant co-efficient.)

Important Books/Journals for further learning including the page nos.:
19. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 286-298
20. B.V. Ramana, Higher Engineering Mathematics, Tata MC Graw Hill Education PVT
Limited. Page No: 9.25

Topic of Lecture : Simultaneous differential equations with constant coefficient

Introduction :

Solving of a simultaneous differential equation means we have to find the dependent variables in
terms of independent variable . To get complete solution , a simultaneous equation must contain
as many equations as there are number of dependent variable .

Prerequisite knowledge for Complete understanding and learning of Topic :

1.Classification of differential equation.

2.Separable differential equation.

3.Exact differential equation.

4. Homogeneous differential equation.

Detailed content of the Lecture:

3. Solve %+y:sint,x+3—¥:cost ,giventhatx=2andy=0att=0.

Solution :

Solution : Given
Dx + y = sint ------- 1)
x + Dy = cost ------- (2)

(1) = Dx + y = sint
(2) x D = Dx + D%y = —sint
(D? — 1)y = —2sint
AEis Replace D=m
m>—1=0
m=1, m=-1
C.F=Ae' + Be™

1
P.I—Dz_1
Hear a=1

Replace D? = —q? = —1

— 2sint



https://www.youtube.com/watch?v=-k4L4dYQb8o

1 )
=—— — 2sint

—1-1
P.I = sint

y = Aet + Be™t + sint-------------- (3)
% = Ae' + Be7t(—1) + cost---------=----- (4)

Substituting (3)&(4) in (2)
x = —Dy + cost

x(t) = —Ae' + Be™" — cost + cost ------------ (5)
y(t) = Aet + Be ™ + sint  --------m-mmm-mme- (6)
Given x(0)=2 and y(0)=0
x(0) =—A+B =2 ----mmmeee- (7)
y(0) =A+ B = 0 --------mmmeee- (8)
Adding (7)&(8)
2A =72
A=1
B=-1

Video Content/ Details of website for further learning (if any):
https://www.youtube.com/watch?v=-k4L4dYQb8o (simultaneous first order linear equations with constant co-efficient.)
Important Books/Journals for further learning including the page nos.:
21. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 286-298

22. B.V. Ramana, Higher Engineering Mathematics, Tata MC Graw Hill Education PVT
Limited. Page No: 9.38

Unit-I1
Vector calculus

Topic of Lecture : Gradient , Divergence, Curl, Solenoidal, Irrotational


https://www.youtube.com/watch?v=-k4L4dYQb8o

Introduction
Two type of functions in vector calculus.

e Scalar function
e Vector function
Vector differential operator V=7 l— +1 ™ + k—
Where 7,7, k are unit vectors along the three rectangular axes OX, OY and OZ.

Velocity : Velocity is the rate of change of position with respect to time.
Acceleration: Acceleration is the rate of change of velocity with time.

Prerequisite knowledge for Complete understanding and learning of Topic :
1.Slope of a vector point function
2 Partial Derivatives
3.Calulus

Detailed content of the Lecture:

Gradient: Vp = Z@ +f@ + E@

Where ¢ be a real valued function having continuous first order partial derivatives.
Divergence: V.F = divF , F be a vector point function and divF is a scalar function.

Curl: V x F = curl F The curl is a vector operator that describes the infinitesimal rotation of vector field in three
dimensional Euclidean spaces.

1. Find grad 9 if@ = xyz at (1,1,1)
Solution:
Given® = xyz

200 | 7700
grad @ = V@ = l—+]@+k£
20 70
= 12 (xy2) + ] = (xy2) + K (xy2)
= i(yz) + j(xz) + k(xy)
grad(Z)(Ll,l) =i+j+k
2. IfF = x*+ y2] + z%k then find div F
Solution:
GivenF = X22+y2]7+ZZE
divF = vF = (L—+]—+k )(X [+ 4 + 2%k )
= a( x2) +5(y2) +£(zz)
=2x+ 2y + 2z
=2(x+y+z)

3. IfF = x%yi + y?zj + z%xk then find curl F

Solution:
GivenF = x%yi + y?zj + z%xk
i J K
curl F = vxF = % % %

X’y y*z Z%x

=1(0—y%) —j(22 - 0) + k(0 — x?)



= —y?i—z% — x°k

Find CurlF if F = xyi+ yz]+sz

Solution:

Curl F = =i(-y)-zj-xk

I} é 9<)|Q)_
E%|Q)l—-l
N =y

>

2{ + y2j +z2)k is a conservative vector field.

T

Show that F =(

Solution:

Q» =Xy

—|=0i +0 ] +0k =0

If F is conservative then V X F = p
A

N XX
N

I
<o
N

Therefore F is a conservative vector field.

Solenoidal : If V.F = divF = 0 then F is Solenoidal
Irrotational : If V x F = curl F = 0 then F is Irrotational

6. Prove that the vector F = zi + xj + yk is Solenoidal
Solution:
GivenF =zi+ xj’ + y_lz
=4 -0 -0 >0 - - M

V.F = (l5+15+ka7) (ZL+X] + yk )

= (07 + 0] + Ok

Hence F =zi + xj’ + yk is Solenoidal

Find 4 sothat F =(3x—2y+2)i+(4x+y—z) j+(x—y+2K)K is solenoidal

Solution:

- -
Given F is solenoidal then V - F =0

V-F [§T+§y j+aEJ-[(3x2y+z)T+(4x+ﬂ,yz)_j)+(x y+2k)§]
X

-

8. Provethat F = sz+ ZX j+ Xy
Solution:

R
k is irrotational.



Pk
vxF=|2 2 2
ox oy oy
yz X Xy

— — -

i(x=x)- j(y—y)+k(z-2)=0
F is irrotational

Video Content/ Details of website for further learning (if any):
https://www.youtube.com/watch?v=csCskd01jwE (Gradient , Divergence, Curl& Line integral)

Important Books/Journals for further learning including the page nos.:
23. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 525-546

Topic of Lecture : Directional derivative ,Unit normal, Line integral,

Introduction :
Curvature: The magnitude of the rate of change of the unit vector with respect to the arc length.

Tangent line: The derivative of a function at a point is the slope of the tangent line at this point

Normal line: The Normal line is defined as the line that is perpendicular to the tangent line to the point of tangency.

Directional derivative: Directional derivative =V ¢-n

A v¢

Unitnormal: N=——

V4l
Line intergral: A line integral is an integral where the function to be integrated is evaluated along a curve.

I=J13.d?

Prerequisite knowledge for Complete understanding and learning of Topic :
1.Calculus
2.Line integral of scalar function
3. Line integral of Vecter fields

Detailed content of the Lecture:

1. Find the unit normal vector to the surface x*+y’=z at (1,-2,5)
¢ =x"+y*z
Solution:

_%? %7 %_} 2+2-
V¢_(axl+8yj+azij y*-z


https://www.youtube.com/watch?v=csCskd01jwE

V] J21
2. Find the directional derivative ¢ = x*> + y* + z° in the direction of the vector
F—i+2j+2K at(1,1,1)
Solution:

> o o
. n — 2> 2 2 | i+2j+2k
Unit normal vector N in the direction of 1+ 2 j+2Kis | ———

Directional derivative =V ¢ - F]
VO= 120 4y +20) 4 o (P4 Y+ 2) 4K (x4 Y+ 27)
OX oy oy

grad¢ = 2x7+ 2y7+ ZZE
V@i = 21+2 j+2K
Directional derivative= V¢ = (2?+ 5j+ ZE) # :%

3. If F=x’+xyj evaluate Iﬁ.dF from (0,0) to (1,1) along the line y = x.

Solution:
Given F =x%4 + xy]
Along the line y = x, dy = dx
SF=x%T+xxj, df =dxi +dyj =dxi +dxj
F.dr = O3 +x27).(dxi +dyj)
= x?dx + x?dx = 2x°dx ~ 1 5
[Fdr =[2xdx ==
c 0 3

4. IfF=5xyi+ 2yj, evaluate J'If.dr Where C is the part of the curve y= x* between x =1

and X = 2.
Solution:
F.dF = (5xyi +2Vj).(dxi + dyj + dzk)
= 5xydx+2ydy
The curve C: y = X2
dy=2xdx
x varies from 1 to 2



2 4 47?
J'IE '[5x(x Ydx + 2x%2xdx = 5 X, 2
g 1 4 4

1

=36-—= —

Video Content/ Details of website for further learning (if any):
https://www.youtube.com/watch?v=csCskd01jwE (Gradient, Divergence, Curl& Line integral)

Important Books/Journals for further learning including the page nos.:
24. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 565-575

Topic of Lecture : Surface,Volume integrals

Introduction: Surface integral: A surface integral is a generalization of multiple integrals to integration over surfaces.

Jf; Fds = ff dx y (the projection of S on XY plane)
Jf; F Ads = ffRz F @ IA - (the projection of S on YZ plane)
Jf; Fds = [Tz, F @ dljld’j ( the projection of S on ZX plane)

Volume Integral :

ﬂff(x,y,z)dv = fﬂf(x,y,z)dxdydz
4 v

Prerequisite knowledge for Complete understanding and learning of Topic :
1. partial Derivatives
2. Differential calculus
3. Volume of the solid with cross sectional area.

Detailed content of the Lecture:

1. Find the surface, Where F = zi + xj — y2zk and S is surface of the Cylinder x* + y2 = 1
Included in the 15t octant between the plane z=0 and z=2

Solution:

F=zi+x]—yzk
Givenp = x% +y%2 —1

Vo= % 7 i +—¢ J +—f§

OX oy 0z
= (22 +/(2y)

Vo | = \/4x? + 4y?

=2Jx%2+y2%2 =2
Vo
Ve |

=


https://www.youtube.com/watch?v=csCskd01jwE

_ 1)+ 2y)

=XxzZ+xy
—_ —)Ad d
JIg F ndszﬂRzF fl Ir};TZI
:ffR xz+xydyjz

= [f, (z +y)dydz
21
= [f,, (z +y)dydz
- »’11
= J, [Zy + 7] Odydz
= fz [Z+l]dydz
0 2
z2  z]2
- [7 + E] 0
=2+1
=3

2. If F=axi+byj +czk, prove that m V.FdV =(at+b+c)V.
\%

Solution:
m V.Fdv = m. (T% + ]% + R%).(axf +byj + czk)dv
v v
= [[[ @+b-+cydv
= (a:/+b+c) \

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=K37VbB5Ukxk(Surface,Volume integrals)

Important Books/Journals for further learning including the page nos.:
25. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 565-575

Topic of Lecture : Angle between the surface

Vo1 .Ve,

Introduction: The angle 8 between the two surface @, and @, is given by COS 8 = Vo1 Vool
1 2

Prerequisite knowledge for Complete understanding and learning of Topic :
1.First fundamental form and angel between the surface
2.Angel between the normal curve


https://www.youtube.com/watch?v=K37VbB5Ukxk

Detailed content of the Lecture:

1. Find the angle between the surface xlogz = y? — 1 and x%y = 2 — z at the point (1,1,1)
Solution :

Let ®; = Xlogz— y* +1

P = x’y —2+z

v, =Z%+76%+E%
= i(log2) + j(=2y) + k()

Ve, (1,1,1) =0 -2/ +k

o op, _oQ
_» Y2 S T2 2
Vg, =1 F +7J 3y +k 37

=12xy) + ]2 + k(1)
V@, (1,1,1) = 2{+j+k

V1.V
The angle 6 between the two surface ¢, and @, is given by COS 6 = P10z
R L Ve [IVer]
0i—2j+k.2i+j+k
cosf =
VO+4+1.4/44+1+1
P —-2+1
COSU = ———
V5.6
p —1
COSU = ———
V5.6
2. Find the angle between the surface x* + y? + z2 =9 and x? + y? — z = 3 at the point
(2,-1,2)
Solution :

Let@; =x*+y*+2"° -9
©, =x*+y*—2z-3
Vo, = 5L+ o+ KT
= 1(2x) + j(2y) + k(22)
V@, (2,-1,2) = 41— 2f + 4k
Ve, = fagiz +ja§;2 + Eaa(zz
= i(2x) +j(2y) - k
Ve, (2,-1,2) =4i-2j-k

V1.V,

The angle 6 between the two surface ¢, and ¢, is given by COS 0 =
Voq [[Ve2|

47— 2] + 4k 4T - 2] -k
Vie+4+16./16+4+1

cosf =




Video Content / Details of website for further learning (if any):
https://www.youtube.com/watch?v=Zf09NId0Ano (Angle between the surface)

Important Books/Journals for further learning including the page nos.:
26. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 526-528

Topic of Lecture : Scalar potential

Introduction: A scalar potential is a fundamental concept in vector analysis and physics (the
adjective scalar is frequently omitted if there is no danger of confusion with vector potential). The
scalar potential is an example of a scalar field.
Prerequisite knowledge for Complete understanding and learning of Topic :

1.Vector potential

2.Electric potential

Detailed content of the Lecture:

1. Show that F = (Y2+2xz2)i + (2xy — 2)j+(2x%z — y + 22)k is irrotional Hence find its
scalar potential:

Solution:
F = (Y2+2xz2)T + (2xy — 2)j+(2x%z — y + 22)k
4 i k
5 9 9 9
VXF= a 5 a_z

y?+2xz? 2xy—z 2x’z—y+2z

7(2 9 (0
=i(5) @tz -y +20) - (5) @y - - (57) @2’z —y +22) -
GO 2+ (2xy = -G +2x07)
=i(—1+ 1)-j (4xz — 4xz)+7c)(2y - 2y)
=07 -0j+0k
=0
V x F is irrotational, V@ = F
Vg =F
(g +T 5+ k) = [0 + 2x22)T + Qay — 2] + (222 — y + 22)K]

Equvating the cooeficient?, , k,


https://www.youtube.com/watch?v=Zfo9Nld0Ano

gzyz +2x22;%= 2xy—z;%= 2x*z—y+2z
Let g = y? + 2xz°
Integrating on both sides,
fa(i) = f(y2 + 2xz%)0x
O =xy*+z%x% ... (1)
Let % =2xy—z
Integrating on both sides,
f@@ = f(ny—z)c?y
®=2xyz—2—yz=xy2—yz ............ 2)
Let22 = 2x%z -y + 22

f6®=f(2xzz—y+22)az

O=2x2T —yz4+Z ... 3)

The scalar potential is@ = xy? + z°x* —yz + %

Video Content / Details of website for further learning (if any):
https://www.youtube.com/watch?v=Zf09IN1d0Ano (Angle between the surface)

Important Books/Journals for further learning including the page nos.:
27. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 526-528

Topic of Lecture : Gauss divergence theorem

Introduction :
The volume integral of the divergence of a vector filed A taken over any volume, V is equal to the surface
integral of the A taken over the closed surface surrounding the volume V.

US FﬁdS:UjV VFdV

Prerequisite knowledge for Complete understanding and learning of Topic :

1.Vector integral theorems
2.Vector calculus

Detailed content of the Lecture:

1. Verify the gauss divergence theorem F = 4sz-yZT+yzE over the cube bounded by x=0to 1,y=0to 1, z=0to 1
Solution:

GivenF = 4xzT-y*J+yzk

Jl; F#ads = [ff, VFdv

R.H.S

V.F= (T% +j’%+ I?;—Z) (4xzi — y2] + yzk )
= 4z-2y+y

V.F=4z- y


https://www.youtube.com/watch?v=Zfo9Nld0Ano

i, Vf.dv = fff010101(4z —y)dz dy dx

1 1 4z° 1
. fol fol (% —yz) jdydx
=, J, @Q)-y)dydx

=fy  @y-L)dx
= (2(1) - %) dx

1

1
= 0 (2 —E)dx

=y (42;1) dx

_3..41
= ~®
L.H.S

Now [ FRAS = f[gg + g + 53+ Foa + g5+ [s6

UNIT OUTWARD —
SURFACE FACE - fh AXIS
VECTOR 7
S1 ADEF T Axz X=1 dx=0
S2 OCGB = -4xz X=0 dx=0
S3 BDEG j y? Y=1 dy=0
S4 OCFA = —y? Y=0 dy=0
S5 CFEG k Yz Z=1 dz=0
S6 OADB y -yz 7=0 dz=0
Evalution of S;:
J Rads=fy Jg 4xzdydz




1 1 j
:fO fO 4z dy dz J

D!
v
~{

=4 fol (é) dy ’
=4f01(%—0)dy 2
:4f01 % dy /T
:2f01 dy G

:Z(y) :2(1-0)

Evalution of Sy:
gFnds = f [ ~txz dy dz
1 1
=f,  J, —4(0)(2) dy dz
Evalution of S3:
[f o FA dS:fO1 fol(—yz) dx dz
=f [ —ldxdz
=-— fol fol dx dz
S 1_...1
== J, dx (), =(2) , (1-0)
=-1- (3)

Evalution of S,:

I F. Ads = fol fol(yz) dx dz
- fol ) 01 0dx dz

Evalution of Ss:
fsS F.fds = fol fol yz dxdy
=['yJ, 1dxdy
_ ey 251
11 1 1
=Jp30x = 2y



1
=-->0)
Evalution of Sg:

= 1 1
k.- fids = [, [, yz dxdy

=[)'y J;(0) dx dy
=0- (6)
From,(1),(2).(3).(4).(5).(6)

ffy FAds = g + g + g3 + U + Ug5 + U
= 240-1+0+5 + 0

3

2
LHS = RHS
Hence,gauss divergence theorem is verify.....

Video Content/ Details of website for further learning (if any):

https://www.youtube.com/watch?v=_PNsPatRNVA (Gauss theorem and evaluation of integrals )

Important Books/Journals for further learning including the page nos.:
1. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 582-597

Topic of Lecture : Green’s theorem and evaluation of integrals

Introduction : Green’s theorem gives the relationship between a line integral around a simple closed curve C and a

double integral over the p|8. e region D bounded by C.
f dx + vd = f dxd
(udx + vdy) (6 ay) xay

Prerequisite knowledge for Complete understanding and learning of Topic :
1.Harmonic function

2.Cauchy integral theorem

Detailed content of the Lecture:

1. Verify Green’s theorem in the plane for fc (x? — y®)dx + 2xydy ,where C is the curve in the

XY plane given by x=0, y=0, x=a, y=b >0)
Solution:

The Green’s Theorem is f(udx + Udy) = ff (Z—: — Z—;) dx dy

d d
ris:Jf - — %) dx dy
Here, u=x?—y? V=2Xy


https://www.youtube.com/watch?v=_PNsPatRNVA

ou v

™ = —2y a =
ov  du _rb ra
NG =3 dxdy =] J; 2y +2y)dx dy
b
= [ foa(4y)dx dy
2
=4 () dx
a (b?
=4, (7) dx
=2b? [ dx
=2b*(x)
=2b2(a)
=2ab?....ci (A)
To evaluate,
Where C is the Curve in the xy plane place in 4 different segments,
1) Along OA
2) Along AC
3) Along BC
4) Along BO

1) Along OA : y=0;dy=0
Joa6® = y¥)dx + 2xydy = foa x? dx

2) Along AC : x=a; dx=0
b
Jc(* = y®)dx + 2xydy =[] 2ay dy

3) Along BC : y=b; dy=0
Joc@? = y®)dx + 2xydy = fao(x2 —b?)dx

5) Along CO : x=0;dx=0
0
Joe@? = y*dx + 2xydy = [, 2xy dy

=[, 0(2y)dy
= S )



A=B
LHS = RHS
The Green’s therom is Verified .

Video Content/ Details of website for further learning (if any):

https://www.youtube.com/watch?v=a_zdFvYXX_c(Green’s theorem and evaluation of integrals)

Important Books/Journals for further learning including the page nos.:

28. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 575-579

Topic of Lecture : Green’s theorem and evaluation of integrals

Introduction : Green’s theorem gives the relationship between a line integral around a simple closed curve C and a
double integral over the plane region D bounded by C.

fd+d —fav 0 v d
(udx -+ viy) = [[ G2 =55 dx dy

Prerequisite knowledge for Complete understanding and learning of Topic :
1.Harmonic function

2.Cauchy integral theorem

Detailed content of the Lecture:

2. Verify Green’s theorem in the plane for [(x? dx + xy dy),where C is the curve in the XY plane
given by x=0, y=0, x=a, y=a (a>0)
Solution:

The Green’s Theorem is f(UdX + Udy) = ff (Z—Z - Z—;) dx dy

d d
ris:Jf - — %) dx dy
Here,  u=x? V=Xy
 _ o _

ou

dy
v u a ra
G- 5,) dx dy =/, J, & — 0)dx dy


https://www.youtube.com/watch?v=a_zdFvYXX_c

To evaluate,
Where C is the Curve in the xy plane place in 4 different segments,

6) Along OA
7) Along AC
8) Along BC
9) Along BO

1) Along OA : x=a, y=0;dy=0
[(x%dx + xy dy) = foa x? dx

2) Along AC : x=a; dx=0
f(x?dx +xydy) = [x*dx + xy dy
=f, ay dy
— J’Z a
_a( o ) 0
2

a

=a(5)

2
3) Along BC : y=0; dy=0
[(x?dx + xy dy) = fao x%dx

=(%);

3
10) Along CO : x=0;dx:0
[(x?dx + xy dy) = fao xy dy

=J, 0)dy
S §4) , 5
) _a ja a
[(x dx+xde)—§,+2 7~V
a
S s (B)
A=B
LHS = RHS

The Green’s therom is Verified .



Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=a_zdFvYXX_c(Green’s theorem and evaluation of integrals)

Important Books/Journals for further learning including the page nos.:
29. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 575-579

Topic of Lecture : Stoke’s theorem and evaluation of integrals

Introduction : The surface integral of the curl of a function over a surface bounded by a closed surface is equal to the
line integral of the vector function around that surface.

ff.d_r)sz curlF.f ds
c s

Prerequisite knowledge for Complete understanding and learning of Topic :
1.Surface integral
2.Line integral

Detailed content of the Lecture:
1. Verify stoke’s therorem for the function F = (x2 — y2)i + 2xyJ integrated round the
rectangular in the z=0 plane whose sides are along the linesx = 0,y = 0,x = a,y = b.

Solution:

Stoke’s theorem is fc F.dr = ffs curlF.f ds
4

L.H.S y

Evaluation of [, F.dr C(0,b) y=b B(a,b)

Given F = (x2 — y))T + 2xyJ
dr = dxi + dyj x=0 x=a
F.dr = (x? — y%)dx + 2xydy

JoFar=[, +[, +[. +/[, 0(0,0) y=0 Aa,0)
Along OA (y=0)

v

IOA?.E: = (x? — y*)dx + 2xydy
= foa x?dx [y = 0,dy = 0 and x varies from 0 to a]
x3 a
- (?) 0
a3
= () &)
Along AB (x=a)

fAB?.E: = [,;(*¥% = yH)dx + 2xydy)


https://www.youtube.com/watch?v=a_zdFvYXX_c

= fob 2aydy [x = a,dx = 0 and y varies from 0 to a]
_ ¥\ b
=2a (?) 0

Along BC (y=a)
fBCI_?).E') = [,o(*% — yH)dx + 2xydy)
= ff(xz —b¥)dx [y = b,dy = 0 and x varies from a to 0]
— (2 _p2,)0
- (3 b x)a
a3

= (=) + ap?eremeree (3)

Along CO (x=0)

fwﬁﬂ = [,(x* = y*)dx + 2xydy)

= fbo a(0)ydy[x =0,dx = 0 and y varies froma to 0]

From (1),(2),(3),(4)

= 52 3
Je Far=[,, +lp +le +1o za?_a?+ab2+ab2
= 2ab? ------mmm- (A)

R.H.S
Evaluation of ff curlF.itds
Given F = (x% — y))T + 2xyj
7 ik
o 2 A
dx dy 0z
x2—y% xy 0

=2(0 — 0)- (0 — 0)+ k(y — 0)
= ?4)}

Here the surface S the Square OABC and the unit outward normal vector is &
curlF.® = F4y. & = 4y
s curlF.iuds = JI; yds
= 4ff0%b y dx dy
=4[ y(0gdy

= [, 4ay dy



Hence Stoke’s theorem is verified.

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=kFto6HjIp0Q (Method of variation of parameter)

Important Books/Journals for further learning including the page nos.:
30. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 581-582

Topic of Lecture : Stoke’s theorem and evaluation of integrals

Introduction : The surface integral of the curl of a function over a surface bounded by a closed surface is equal to the
line integral of the vector function around that surface.

ff.d_r)sz curlF.f ds
c s

Prerequisite knowledge for Complete understanding and learning of Topic :
1.Surface integral
2.Line integral

Detailed content of the Lecture:
2. Verify stoke’s therorem for the function F = x27 + xy7j integrated round the square in the z=0
plane whose sides are along the lines x = 0,y = 0,x = a,y = a.

Solution:

Stoke’s theorem is fc F.dr = ffs curlF.f ds
A

L.H.S y

Evaluation of [, F.dr Cc(9,a) y=a B(a,a)

Given F = x27 + xyj
dr = dxi + dyj x=0 X=a
F.dr = x*dx + xydy

JoFar=[, +[, +[. +/[, 0(0,0) y=0 Aa,0)
Along OA (y=0)

v

IOA?.E: = [,,(x*dx + xydy)

= foa x?dx [y = 0,dy = 0 and x varies from 0 to a]
3

— (X \a

- (3)0

o o — (1)


https://www.youtube.com/watch?v=kFto6HjIp0Q

Along AB (x=a)
fABF.E') = [,;(¥*dx + xydy)

= foa aydy [x = a,dx = 0 and y varies from 0 to a]

2
— (?\a
_a(z)O

Along BC (y=a)
Jgo F-dr = [, (x*dx + xydy)
= fao x?dx [y = a,dy = 0 and x varies from a to 0]
3
— (X0
- ( 3 ) a
&3
= (F ) 3)
Along CO (x=0)
fwﬁﬂ = [, (x*dx + xydy)

= fao aydy[x =0,dx = 0 and y varies froma to 0]

fra=f, [, [ +[, -5+%
C. 0A AB BC CO323

R.H.S
Evaluation of [ curlF.ii ds

Given F = x% + xyj

VXF =

\3‘|~:u\.¢
o R =

RFle ~

xy

=1(0 — 0)-] (0 — 0)+ k(y — 0)

Here the surface S the Square OABC and the unit outward normal vector is &

—

curlF.A =ky. K=y
ol curlF.iids = [[; yds

= [lyo ¥ dx dy
= [} y(0)idy

3



= [, ay dy

2
— (¥
_a(z)o

Hence Stoke’s theorem is verified.

(A)=(B)

Video Content/ Details of website for further learning (if any):

https://www.youtube.com/watch?v=QS-zUSu-nxA(Stoke’s theorem and evaluation of integrals)

Important Books/Journals for further learning including the page nos.:
31. H.K. Dass, Er. Rajnish Verma, Higher Engineering Mathematics, S. Chand, New Delhi-
2011. Page No: 581-582

Unit-III
Analytic Function

Topic of Lecture : Analytic Functions

Introduction: A complex function is said to be analytic on a region R if it is complex differentiable
at every point in R. The terms holomorphic function, differentiable function, and complex
differentiable function are sometimes used interchangeably with "analytic function".

Prerequisite knowledge for Complete understanding and learning of Topic :

e Differentiation

e Integration

e Complex Analysis
Detailed content of the Lecture:
Analytic Function:

A function is said to be analytic at a point if its derivative exists not only at that point but

also in some neighbourhood of that point.

Entire function:

A function which is analytic everywhere in the finite plane is called an entire function.
An entire function is analytic everywhere except at z = co.
Example: e?, sinz, cos z, sinh z, cosh z.

Cauchy-Riemann Equation:


https://www.youtube.com/watch?v=QS-zUSu-nxA

Necessary Condition:
The necessary condition for ~ (z) =u(X, y)+iv(X,y) to be analytic in a region R are

ou ov
ooy
ov_ au
x oy

Sufficient Condition:
If f(2) to be analytic then the partial derivatives u,, u,, v, and v, are all continuous in D and
u, = v, and u, = —v,, then the function f(z) is analytic in a domain D.

1. Show that the function f (z) = z is nowhere differentiable.

Given f(z)=z=x—1iy
u=x,v=-y

N _ N _g M_ v
ox ox oy oy

u, #v,,C-R equations are not satisfied anywhere. Hence
f(z) = z is nowhere differentiable.

2. Find the constants a,b if T (z) = X+ 2ay +i(3X+by) is analytic
f(xX) = x+2ay +i(3x +by)
u=x+2ay and v=(3x+hby)

Where u :1,a—u =2a
OX oy
N_g oWy
OX oy

We know that by CR equations

ou ov

—=— and

ox oy

a_

oy OX

=3 b=t
2

3. If u+iv is analytic, show that v —iu &-v +iu are also analytic
Given u+iv is analytic
C —R equations are satisfied ~ u=vy ........ (1)
Uy= -Vy .......l(2)
Since the derivatives of u & v exist it is therefore continuous
Now to prove v —iu & -v+iu are also analytic, we should prove that
(D) vx=-Uyg Vy=Uxg
(i) vx=uy & vy =uy
(i) uy, Uy, Vyx vy are all continuous. Results (i) & (ii) follows from (1) & (2) . Since the



derivatives of u &v exists from (1) and (2), the derivatives of u and v should be continuous . Hence the result

Topic of Lecture : Analytic Function--Properties

Introduction: A complex function is said to be analytic on a region R if it is complex differentiable
at every point in R. The terms holomorphic function, differentiable function, and complex
differentiable function are sometimes used interchangeably with "analytic function".
Prerequisite knowledge for Complete understanding and learning of Topic :

» Cauchy Riemann equation

= Partial derivative

Detailed content of the Lecture:

1. If f(z) = u + ivis a regular function of z in a domain D, then V2|f(2)|? = 4|f (2)|?

Proof:
Let f(z) = u + iv be an analytic function.

If(2)| = Vu? + 2

If(2)|* = u* +v?

V2 |f(2)|* = V*(u? +v?)
=VZ(u?) + V¢(v?)

V2(u?) = (ﬁ + 62)uz _ (ﬁ N azuz)

x> W Ax2 ay?
9? (u?) = i [2 ou| 5 62u+ oudu| 62u+ 5 <6u)2
02\ T ox|“%ox) T M oxZ Toxox| “Mox ax

2 2 2
Similarly, :? (u?) = ZuzT'Z‘ + 2 (3—;)

01— v =20 (2525 w2 (2 + (2]

=0+2 [(‘;—Z)Z + (Z—Z)Z] [ u is harmonic]



VZ(u?) = 2uZ + 2u}
Similarly,
VZ(v?) = 203 + 203
(1= V2 |f(2)|* = 2[u + u2 + vZ + V]
= 2[u? + (—v,)% + v2 + u?]

= 4[u3 + vZ]

ie, V2|f(2)|% = 4If (2)|?

Topic of Lecture : Analytic Function--Properties

Introduction: A complex function is said to be analytic on a region R if it is complex differentiable
at every point in R. The terms holomorphic function, differentiable function, and complex
differentiable function are sometimes used interchangeably with "analytic function".
Prerequisite knowledge for Complete understanding and learning of Topic :

» Cauchy Riemann equation

= DPartial derivative

Detailed content of the Lecture:

2. Prove that the real and imaginary parts of an analytic function are harmonic function.

Proof:
Let f(z) = u + iv be an analytic function.

= Uy = Vyoene(1) and Uy = —Vy crrenens (2) by C-REquation.
Differentiate (1 & 2) p.w.r. to x, we get

Uy = Vyy weeveeneenn(3) @A Uy, = Vg e (4)

Differentiate (1 & 2) p.w.r. to y, we get

Uyy = Vyy cvreeneneen(5)  @Nd - Uy, = =0y cunerennn(6)

(3)+(6) = Uy + 1y = 0 [ 1y, = v,,]
(5)-(4) 2 Vyy + 0y, = 0 [ Uyy = Uy,

~ u and v satisfy the Laplace equation.



3. When the function f(z) = u + iv is analytic, show that u =constant and v = constant are
orthogonal.
Proof:
Let f(z) = u + iv be an analytic function.

= Uy = Vy.ooona(1) and Uy = —Vy worrrsenens (2) by C-REquation.

Given:u=a andv=>»

Differentiate p.w.r. to x, we get

ux+uyd—y=0 and v, +v -

dx Y dx
d—y = “Ux et Q = “Vx
dx uy dx vy
—-u
>m; =— >m, =—
Uy y
—Uu % u V.
meme = (2)(2) = (2)(2) = -1 by ana @2
uy Vy Uy \Vy

Hence, the family of curves form an orthogonal system.

Topic of Lecture : Analytic Function

Introduction: A complex function is said to be analytic on a region R if it is complex differentiable
at every point in R. The terms holomorphic function, differentiable function, and complex
differentiable function are sometimes used interchangeably with "analytic function".
Prerequisite knowledge for Complete understanding and learning of Topic :

» Exact differential equation

* Milne-Thomson method

» Cauchy Riemann equation

= DPartial derivative

Detailed content of the Lecture:

Find the regular function whose imaginary part is e *(x cosy + y siny).
Solution:



Given: v = e *(xcosy + ysiny)
v, = e *[cosy] + (xcosy + ysiny)[—e*]
v,(2,0) =e*+z(—e™%

=1-2)e?

i.e., 1,(2,0)=(1—-2)e*

v, = e *[—xsiny + (ycosy + siny(1))]

v,(2,0) =e*[0+0+0]=0

i.e., vy(z’ 0) =0

Letw=f(z) =u+iv
f’(Z) =u, +iv,

=V, + iV, [by C.R, u, =v,, u, =-v,]

y Yy
f(z) = jvy(z,O)dz+ ijvx(z,O)dz+C

[by Milne-Thomson rule]
Where C is a complex constant.

f(z)=.[0dz+ij(1—z)e‘zdz+c

=if(1-2z)e?dz+C

t|a-o[5]- ol

=i[—(1—-2)e ?+e?]+C

=ize 2+ C



Topic of Lecture : Analytic Function-Milne Thomson Method

Introduction: A complex function is said to be analytic on a region R if it is complex differentiable
at every point in R. The terms holomorphic function, differentiable function, and complex
differentiable function are sometimes used interchangeably with "analytic function".
Prerequisite knowledge for Complete understanding and learning of Topic :

= Exact differential equation

* Milne-Thomson method

» Cauchy Riemann equation

= DPartial derivative

Detailed content of the Lecture:

. . . . sin2x
Determine the analytic function whose real part is —————.

cosh 2y—cos 2x
Solution:

Given: u = — S22 cereneeeen(A)
cosh 2y—cos 2x
Differentiate (A) p.w.r. to x, we get

_ (cosh 2y — cos 2x)(2 cos 2x) — sin 2x (2 sin 2x)
a (cosh 2y — cos 2x)2

Uy

2 cos 2z(1 — cos 2z) — 2sin?2z

u,(z,0) =
«(2,0) (1 — cos 2z)?
_2cos2z—2cos?2z—2sin?2z
- (1—cos 2z)2
__ 2cos2z-2 -2
T (1-cos2z)2 1-cos2z
_z 2
= — = —cosec"z
2sin“z
U, (2,0) = —COSEC?Z wrvrerrreerererrsnenenns(1)

(cosh 2y — cos 2x)(0) — sin2x (2 sinh 2y)
r= (cosh 2y — cos 2x)?

Letw=f(z) =u+iv
f’(Z) = U, +iv,

=u, — iu, [by CR, u, =v,,



f(z) = fux(z, 0)dz — ifuy(z, 0)dz+C

[by Milne-Thomson rule]
Where C is a complex constant.

f(z):f—coseczzdz—if0d2+c

=cotz+ C

Topic of Lecture : Construction of Analytic Function

Introduction: A complex function is said to be analytic on a region R if it is complex differentiable
at every point in R. The terms holomorphic function, differentiable function, and complex
differentiable function are sometimes used interchangeably with "analytic function".
Prerequisite knowledge for Complete understanding and learning of Topic :

= Exact differential equation

* Milne-Thomson method

» Cauchy Riemann equation

= Partial derivative

Detailed content of the Lecture:

If f(z) = u + iv is an analytic function and u — v = e*(cos y — siny), find f(z) interms of z.
Solution:

Given:u — v = e*(cosy — siny) ...........(A)

Differentiate (A) p.w.r. to x, we get

u, —v, = e*(cosy —siny)

U (2,0) —1,(2,0) = €% eevevvenreenennn()

Differentiate (A) p.w.r. to y, we get

u, — v, = e*(—siny — cosy)
u,(z,0) —v,(z0) = —¢€*
—,(z,0) —u,(z,0) = —€” .........ccvuuv......(2) [by C-R Equation]

(1)+(2) = —2v,(z,0) = e*-e*=0

— 1,(2,0) =0




= u,(z,0) = e*

Letw=f(z) =u+iv
f’(Z) =u, +iv,

f(@) = [u,(z,0)dz+i[v,(z,0)dz+C
[by Milne-Thomson rule]
Where C is a complex constant.

f(z)zfez dz+i0+C

=e” +C
Topic of Lecture : Construction of Analytic Function

Introduction: A complex function is said to be analytic on a region R if it is complex differentiable
at every point in R. The terms holomorphic function, differentiable function, and complex
differentiable function are sometimes used interchangeably with "analytic function".
Prerequisite knowledge for Complete understanding and learning of Topic :

= Exact differential equation

* Milne-Thomson method

» Cauchy Riemann equation

» Partial derivative

Detailed content of the Lecture:

Find the analytic function for which Sin2x

—————— is the real part. Hence determine the analytic
cosh2y—cos2x
function u + iv for which u + v is the above function.

Solution:

. sin2x
Given:u+v=——"-"——........... (A)
cosh2y—cos 2x

Differentiate (A) p.w.r. to x, we get
(cosh2y — cos 2x)(2 cos 2x) — sin 2x (2 sin 2x)

+ =
e T Vx (cosh 2y — cos 2x)?
_ (cosh 2y — cos 2x)(2 cos 2x) — sin 2x (2 sin 2x)
W = Uy = (cosh 2y — cos 2x)2

[by C-R Equation]
2 cos 2z(1 — cos 2x) — 2sin?2z

u,(2,0) —u,(z,0) = (1 — cos 2z)?




_2cos 2z—-2c0s%?2z-2sin%*2z
- (1—cos 2z)2

2cos2z-2 -2

" (1-cos2z)2  1-cos2z

_ -2
"~ 2sin?z

= —cosec*z

u,(2,0) — u,(2,0) = —cosec?z wuinrrnnernnns(1)

Differentiate (A) p.w.r.toy, we get
__ 0—sin2x(sinh2y)

Uy + vy = (cosh 2y—cos 2x)2 (2)
__ 0—sin2x(sinh2y)
Uy tu, = (cosh 2y—cos 2x)2 (2)
[by C-R Equation]

Uy (2,0) + 1y (2,0) = 0 wrrrrerrsrrrrrens (2)
(1)+(2)= 2u,(z,0) = —cosec’z

1

u,(z,0) = —Ecoseczz

1
@)= u,(z,0) = Ecoseczz

Letw=f(z) =u+iv
[ (2) =u, +iv,
=u, — iu, [by C.R., u, =v,, u, =-v,]

f(z) = fux(z, 0)dz — ifuy(z, 0)dz+ C

[by Milne-Thomson rule]
Where C is a complex constant.

1 2 (1 2
f(z) =j—§cosec zdz—lficosec zdz+C
1 1
—Ecotz+15cotz+C

1+i
=Tlcotz +C

Topic of Lecture : Conformal Mapping



Introduction: In mathematics, a conformal map is a function that locally preserves angles, but not

necessarily lengths. Conformal map preserves both angles and shape of infinitesimal small figures but not necessarily
their size. More formally, a map w = f(z) is called conformal (or angle-preserving) at z, if it preserves oriented angles
between curves through z,, as well as their orientation, i.e. direction.

Prerequisite knowledge for Complete understanding and learning of Topic :
* Transformation
* Analytic Geomentry
» Complex function

Detailed content of the Lecture:
Find the image of |z — 2i| = 2 under the transformation w = %

Solution: Given |z — 2i| = 2....... (1) is a circle.

Centre=2i i.e., (0,2)
Radius =2

Given:w =1 >z =~
z w
@) =|1-2i=2
) = 12— 20 =
=1 -2wi| = 2|w|
=1 —2ui+ 2v| =2|u+iv|

= |14 2v — 2ui| = 2|u + iv|

= (1 +2v)2 + (—2u)? = 2\/u? + v2

= (14 2v)2 + 4u? = 4(u? + v?)

= 1+ 4v? + 4v + 4u? = 4(u? + v?)

=>1+4+4v=0
1
SV=——
V=%

which is a straight line in w-plane.

Topic of Lecture : Conformal Mapping



Introduction: In mathematics, a conformal map is a function that locally preserves angles, but not

necessarily lengths. Conformal map preserves both angles and shape of infinitesimal small figures but not necessarily
their size. More formally, a map w = f(z) is called conformal (or angle-preserving) at z, if it preserves oriented angles
between curves through z,, as well as their orientation, i.e. direction.

Prerequisite knowledge for Complete understanding and learning of Topic :
* Transformation
* Analytic Geomentry
» Complex function

Detailed content of the Lecture:
Find the image of the infinite strips i <y< % under the transformation w = %

Solution: w = % (given)

. 1
ie,z=—
w - -
1 u-—iv u-—iv
Z: . = . T =
u+iv (u+iv)(u—iv) u?+v?

xtiy= o i

w2 luZ o2 u? + v?
. u i 7
1.e., X = m....(l) y= m....(Z)

. | 1
Given strip is.<y<;

when y =i

1 u
4 = w2 +v2 by (2)
w4+ v =—4v

u?+v:+4v =0

U+ Ww+22%-4=0

u’+ w+2)?%=4 SRR ) |

which is a circle whose centre is at (0, —2) in the w-plane and radius is 2.

when y =%

1 -v
2 T w2tv? by (2)

u? +v?=-2v

u?+v:+2v=0

wW+@w+1D2-1=0

w+@w+1)?%2=1 RN (< )

which is a circle whose centre is at (0, —1) in the w-plane and unit radius.

Hence the infinite strip % <y< % is transformed into the region in between circles
ul+w+1)?%2=1 and u?+ (w+2)2=4 inthew-plane.



Topic of Lecture : Bilinear Transformation

Introduction: The bilinear transform is used in digital signal processing and discrete-time control
theory to transform continuous-time system representations to discrete-time and vice versa. The
bilinear transformation which transforms z;, z,, zz into wy, w,, ws is

(w —wy)(w, —w3) _ (z —21)(z; — z3)
w—=—w3)(w, —wy)  (z2—23)(z, —7)

Prerequisite knowledge for Complete understanding and learning of Topic :
= Complex analysis
* Analytic Geomentry

Detailed content of the Lecture:

Find the Bilinear transformation that maps the points z=0, —1, i onto the points w= i, 0, o respectively
Given:z; =0, z, = —1,23 =i w; =i, w, =0, wg =00
Let the transformation be

w —wy)(wy —ws) _ (z —z1)(z; — 2z3)
w—w3)(wy, —wy)  (z—23)(2, — 71)

[omit the factors involving ws, since wz = oo]

w—wy) _ (z —2z)(z; — z3)
wy, —wy)  (z—23)(2z, — z1)

w—-1i) (z—0)(-1-1)
0—-9) (z-D(=1-0)

w—-i)  z .
0 " G-ptP
. _ Z .
w—1 —m-l-{*l)
w —i+1)+i

R



—iz+z+iz+1
W =
(z—1)

_ z+1
Y TE-D

Topic of Lecture : Bilinear Transformation

Introduction: The bilinear transform is used in digital signal processing and discrete-time control
theory to transform continuous-time system representations to discrete-time and vice versa. The
bilinear transformation which transforms z;, z,, zz into wy, w,, ws is

(w —wyp)(w, —ws) _ (z — 21)(z; — 23)
W —w3)(w, —wy) (2 —23)(2; — 21)
Prerequisite knowledge for Complete understanding and learning of Topic :
» Complex analysis
* Analytic Geomentry

Detailed content of the Lecture:

Find the bilinear transformation which maps the points 1, i, 1 onto the points 0, 1, o, show that
the transformation maps the interior unit circle of the z-plane onto the upper half of the w-
plane.

Given:z; =1, z, =i,z3 = -1 w;=0,w,=1, w3 =00
Let the transformation be

(w —w;)(w; —ws) _ (z — 21)(z; — 23)

(w —w3)(wy —wy) C(z- 23)(z; — 71)
[omit the factors involving w3, since wy = o]

w—wyp) _ (z—2z1)(z; — z3)
wy—wy) (z—23)(z, — 71)

w-0) (-D3G+1)
1-0 (E+1D@GE-1

C@-D@+1)
YT DGE-1)

z—-1) .
“zrpl
_(=Dz+i
NG EET




To find z

wz+w=—iz+1
wz+iz=—-w+Ii
zlw+il=—w+i
o w-=0)
o (wHti)
To Prove: |z| <1 mapsv >0
Proof: |z| < 1
—-(w—1i
¥|<1
w1
W—i|
w1

lw —i|<|w +i|
lu +iv —i|<|u +iv +i|
lu+i(v—-DI<lu+i(v+1)]
w4+ w-12<u®+ v+ 1)>
v—-12%< @+1)?
v2-2v+1<v?+2v+1
—-4v <0
v>0

Unit-1V
Complex integration

Topic of Lecture : Complex integration.

Introduction : Contour in the complete plane is just a curve, finite (or)infinite while has an arrow
or orientation.It is a method of evaluating certain integrals alongpath ( C ) in the complete plane
and is denoted by ¢ f(z)dz.

Prerequisite knowledge for Complete understanding and learning of Topic :
1. Complex line integral
2. Real line integrals

Detailed content of the Lecture:

Simply connected region :
A region which has no holes is called simply connected region.
Multiple Connected Region :
A region which is not simply connected is called Multiple Connected Region.
Cauchy’s Integral Theorem
If a function f(z) is analytic and its derivative f'(z) is continuous at all points inside and on a simple closed curve
C.

$f(z)dz=0



Cauchy’s Integral Formula

f(z) isanalytic function, C be a closed curve, a is any point within C. f(a) = ﬁgﬁ%dz
Evaluate the integral gﬁ% dzwhereCisacircle|lz+1—-i|=2and|z+1+i| =2
Solution

. z+4
Given $————dz

7242245 =0,

_ o4 [
2
=# = 1420, a= —1+2i,—1—2i
lz+1—-i|=2, |x+iy+1—-i|=2

x+1D2+ @y —-1)>2= 22
It is a circle of radius 2 and centre (-1,1)

a= —1 + 2i lies inside the circle a= —1 — 2i lies outside the circle
z+4 z+4
$— dz=¢

z

+2z+45 [z—(—1+420)] [z—(—1-20)] dz

[0 ==ty fClv2) = =
$——— dz = 2mif (=1 + 2i)
o
=2 [3 + 2]
§ iz =3+ 20
(ii) lz+1+i|=2,

[x+iy+1—i]=2
(x+ D2+ @y +1)2= 22
It is a circle of radius 2 and centre (-1,1)

a= —1+ 2i liesinside the circle a= —1 — 2i lies outside the circle
¢ z+4 dz _§ z+4
2242245 - [

z—(=1420)] [z2—(~1-21)] dz

_z+44 o —l-2it4 _ 3-2i
f(2) T z—(-1+2))’ f(=1-20)= —1-2i+1-2i  —4i
$——— dz = 2mif (=1 — 2i)
= 2mi [
B —4i
= 7” [3 — 2i]

¢ dz=-%[3 - 2i]

2242245



Topic of Lecture :Cauchy’s integral formula

Introduction : If f(z) is analytic in athe doubly connected region bounded by the curves c; and
¢, and then fcl f(2)dz = fcz f(2)dz

Prerequisite knowledge for Complete understanding and learning of Topic :
1. Complex line integral
2. Real line integrals

Detailed content of the Lecture:

Cauchy’s Integral Formula
f(z) isanalytic function, C bea closed curve, a is any point within C. f(a) = 21756% dz
z

e . .
1. Evaluate .[_Zdz , where Cis a C|rcle|Z| =1.
C
Solution :

g
(z-0)°

Weknowthat‘(!‘z_adZ—me(a),_! 2 _'C[
Here f(z)=€7,a=0is lies inside |z| =1

e’ . . .
By cauchy’s integral formula we get , j—zdz = 2xf'(a) = 27 (-1) = -2
z

C
22 +1
2. Evaluatej > dz where C is a circle of unit radius and centre at z=i.
cl —
Solution :
lz-i]=1

The poles z=1,z=-1 lies outside the circle

7 +1 L .
5 is analytic inside |Z - I|:1
Z —_
2’ +1
By Cauchy’s theorem, j 2 dz =0
cz° -1

3. EvaluateJ.Sec 2dz  where cis the unit circle |Z| =1
7
Solution :



Iseczdz = idz
) COSZ

A
The pole are given by the solution of cosz =0

ie,z=(2n +1)%, n=012,......

Hence all the poles lies outside |Z| =1, secz is analytic with |Z| =1

By Cauchy’s theorem jSEC zdz=0

z

Evaluate ¢
Solution :

W Where Cisa |z -2= | by using Cauchy’s Integral Formula

@ = e
Here z = 1 is a pole of orderl (outside |z -2= E| )

z =2 is apole of orderl (inside |z -2= %| )
z A B c

-D(@-2)2  z-1 ' z-2 ' (z-2)?
z=Az-2)"+Bz-1)(Z-2)+C(z—-1)
putz =1, A=1
putz =2, cC=2
Equatin the coefficientof z2, A+B =0
B=-1
zdz
¢(z—1)(z—2)2 = ¢:dz - ﬁ_d + § 2)2 Z
= 0-2mif(2) +2x me (2)
=—=2mi+0 [f@=0 =f(2)=1]

zdz - .
S oo - o

Topic of Lecture : Taylor Series

Introduction : It is necessary to expand a function f(z) which fails to be analytic.In such cases it
is not possible to apply Taylor’s series.

Prerequisite knowledge for Complete understanding and learning of Topic :
1. Power series
2. Maclaurin’s series
3. Laurent’s series



Detailed content of the Lecture:

Power series :
Aseries of the form ¥°_pa, (z—a)" = ag + a;(z — a) + a,(z — a)® +...... is called power series of (z — a),
where z is complex variable and a, a; a, __a, are complex constants and the constant a is called the centre of the series.

Taylor Series
A function f(z) analytic inside a circle C with centre at a can be expanded in the series

f(z)—f(a>+&( - )+f—()< il () f“( —a)" +

—a) 4+

Maclaurin’s series
£'(0) the first derivative of given function at z = 0.
£7(0) the second derivative of given function at z = 0.

f(0) f (0) 72 f (0) 23
f@ = fO)+L07 4 L0524 L O

4. Find the Taylor series of the function f(z)=sinz about z=n/4
f(z) =sinz

f’'(z) =cosz
f"(z) =—sinz
f"”(z) =—cosz

T V2 . TT 1
Here a=—, f(=)=sin(~)=—F7=
ere a = () =sin() =

(5) =cos() - % (5 =—sin(%) - %

1
f”’z =_C03£ -
G =—cos() =

V3
Z N
Taylor’s series is T (2) = (2 Ak 4f( A 4 f”(%)+ ........

5. Obtain Taylor’s series for f(z) = cos z about z = g ,2=0

Solution ;
Given f(z) =cosz
f(z) =cosz f(g) §= %
f'(2) = —sinz f' (g) —sinz = \/2_§
f"(z) = —cosz f" (g) = —cos% = _71
" (z) = —cosz f (g) n% = ?

Using Taylor’s series



f (@ f (@ '(a)

f@=f@+—=—E-a+——GE-a)+
AtZZE

for= (@) + L8060 L0y L0 1y o

1!

(z—a)P+-+

z—a)" +

f*(@
n!

—V3 -1 2 —V3

-8 -1 ] 3
cosz=%+%(z—g)+i(z—£) +L(z—£) +- 400

are =31 (=) +3 () + 562 v

Topic of Lecture : Laurent’s Series and singularities

Introduction : If ¢; and c, are two concentric circles with centre ‘a” and radii r; and r, and if f(2)
is analytic on ¢; and c; and throughout the annular region R between them ,then at each point z
in R between them,
[o9] [o0] bn
f(Z) = anO an (Z - a)n + Zn—Om
_ 1 f(@) f(2)
2mi Je1 (z—a)ltn dz, by 2mi Jey (z—a)l—n d
An analytic function f(z) is said to have a zero of order m iff (z) is expressed as
f(2) = (z—a)™ ¢(z) Where ¢(z) is analytic and ¢(a) # 0. Whenm = 1 ,a is called simple zero.

where a, =

Prerequisite knowledge for Complete understanding and learning of Topic :
3. Power series
4. Maclaurin’s series
5. Isolated singularities
6. Removable singularities



Detailed content of the Lecture:

1. Find the Laurent’s series for the function f(z)=z2 e¥? about z=0

Solution :
22e1 =z° 1+l+ii2 .........
yA z 2z

Removable singularity :
A point z = a is called a removable singularity of f(z)if
(i) z =aissingular point
(i) lim,_, f(2) exists
1
-1)

1. Identify the types of singularities of the following function f(z) =e®

Solution :
Here z=1 is a singular point

1
Atz=1,weget f(z)=e° = oo which is not defined.

Also z=1 is not a pole or removable singularity
Z=1 is an essential singularity.

sin z
2. Discuss the nature of the singularities of the function f(z)= ——
YA

Solution :
Poles of f(z) are obtained by equating the denominator to zero

sinz
e f(z)="%
z
z=0 is a pole of order 1

sinz=0
z=nszrwhere n=0,n=0,+1,+2...

72 -1

Obtain the Laurent’s series expansion of f(z)=————— in (i) |Z|>3 (ii) 2< |Z| <3
(z+2)(z+3)
Solution :
2
Given f(z)= Z—l
(z+2)(z+3)
_ z2-1 4, —5z-7
T z245z+46 I(z+2)(z+3)
. —5z-7 A B =
consider (2+2)(z+3) =t
—5z—-3 =A(z+3)+B(z+2)
Put z=—-3weget B = -8
put z=—-2wegetA =3
—57-7 3 8

e It



(i) Givenregion |z]| > 3, |z| > 3 = |z| > 2,

F@ = 1+ 5~ i —14+2(14) 7 28 (142)

2

R NCR-PEEINCNC RO

=14+23m -0 (8) -2z ()

=1+ X1 25 - 2
f@ =1+ 50,1 A
(ii) Given region 2 <|z| >3, 2 < |z|and |z| < 3, |§| <1, |§| <1
f)=1 +Z(T3+§_3(f—+§) —14+2(143) 7 28 (145)

= 14+25 0" (8) -2 Zro-on (8)

_ 8.(z2)"

f@ =1+ S5 (-1 22 - 227

Topic of Lecture : Cauchy’s residue theorem

Introduction : If f(z) be analytic at all points inside and on a simple closed curve C .
Jo f(@dz = 2mi ¥} R

Prerequisite knowledge for Complete understanding and learning of Topic :
1. Derivatives
2. Analytic function
3. Harmonic function



Detailed content of the Lecture:
2z

Find the residue of at z=0
VA
Solution :
1_ eZZ
Given f(z)=

Here z =0 is a pole of order 4

Res(z_O)_—Ltd—3{(z O)“lze }

_1 Lt—l ezz]—
6 20 dz* 3

Find the resuidue of cot z at the pole z=0.

Solution :

Cosz . .
f(z)=cotz= Poles of f(z) are sinz=0=sinnx
Sinz

z=nx ,wheren=0,x1, £2,.
cosz . —(z-nx)sinz+cosz(l) .
m%mmnﬁ_lmwz—mﬂ = lim (by L’ Hospital rule )
sinz zonz Cos z

[Resf(2)]=n 7 =1

Evaluate if cis|z|=2

. 2-1
Solution :
Z=1is a pole of order 1 which lies inside |z|=2
z
dz = 2zif (1)

e
J.z—l

c

= 27ie

Evaluate | fdz where c is the circle |z — i | = 2.
¢ (z+1D%(z-2)
Solution :
_ z—1
Given f(z) = e
Res[f(2)],=2 =0 [z= 2 - outside]

Res [ f(2)],=1 = lim,_,_ 1 i [(Z +1)2 f(z)]

2 z—1
_llmz_,_1 = [(z+1) —(z+1)2(z—2)]



. d z—1
=lim, 1 —[—]

—1; (z-1)—-(z-1)
=lim, [~ =51

. —2+1
=lim, 4 [=]

-1

= llmz_,_1 [(2_2)2]
_ -1
(122

_ -1

9
By cauchy’s residue theorem ,

z—1
————————dz = 2mi[sum of the residues]
. Z+D¥(z-2) .
= 2mi [0 — ;]
_ —2mi

9

Topic of Lecture : Cauchy’s residue theorem

Introduction : If f(z) be analytic at all points inside and on a simple closed curve C .
Jo f@)dz =2mi ¥} R;

Prerequisite knowledge for Complete understanding and learning of Topic :
1. Derivatives
2. Analytic function
3. Harmonic function
4. Cauchy Riemann equation

Detailed content of the Lecture:
eZ
Z_

Evaluate J.

c

dz if cis|z|=2
Solution :

Z=1is a pole of order 1 which lies inside |z|=2

[ dz =24t (1)
z-1

p —

= 27ie

sintzZ+cosmz

2
d Z where C is [z/=3 Using Cauchy’s Residue theorem
Z—1%(z-2) |z| g y

Evaluate fc
Solution :

2

Given f sin mz2+cosmz dz
¢ (z-1)2(z-2)



Given circleis x? + y?=9
z = 1isapoleorder 2 lies inside C
z =1isapoleorder 2 lies inside C
Residue for pole of order matz = a

Reslf (2), a] = lim, ., —— (z — )" f(2)

(m-=1)dzm~

Residueatz=1
2

. 1 d o y2 sinmztcosnz?
Res[f(z),1] = lim,_; Didz (z—-a) fc G-1)2(z-2) dz

. d sin nz%+cosmz>
= llm—f T ——
z—1dzvC (z—2)

(z-2) (ancosnzz —2mzsinnz® ) —(sinmz?—cosmz?)

= lim 2
z-1 z—
= (—1)(2mcost — 2msinm) — (sinm + cosm)
=(-D(-2n)—-(-1)=2nr+1
Res[f(z),1]=2n+1

Residue for the simple pole at z = a
Res[f(2),a] = lim(z — a)f (2)
Residue atz =2
2

. sin mz%+cosmz
Res[f(2),2] = illrzl(z —2) TeEa)

sin wz2+cosm z2

= ——

__ sin4n+cos4n
Res[f(2),2] =1
Using Cauchy’s residue theorem
fc f(z)dz =2mi Y} R, =2mi[2n + 1+ 1]

f sinnzz+cosnzzd
c

e 2= 2mi[2m + 1]

Topic of Lecture : Contour integration

Introduction : In this topic ,we shall use Caushy ‘s residue theorem to evaluate real definite
integrals of complex functions over suitable contours or closed paths.This process of evaluation of
definite integrals is called contour integrals.



Prerequisite knowledge for Complete understanding and learning of Topic :
1. Integral around the unit circle
2. Integral around the semi circular contour

Detailed content of the Lecture:

Cauchy’s lemma : 1
If f(z) be a uniformly continuous function such that |(z — a)f(z)| —» 0 as

|(z—=a))| = 0 then fc f(z)dz - 0 where cisacircle [(z—a)| =7

2z
Using contour integration on unit circle , evaluate J'd—e
0 ©+4cosd
Solution :
leen f 5+4cosf
. d
Letz = e dz = ie'?df, do = —
1[z241 . 1 [z%2-1
cosf = —[Z ] sinf = —_[z ]
2 z 2i z
f27'r o _ lfﬁ 1 dz
0 S5+4cosd 2 5+4_[22+1] iz
2l z
d .
=f—-—= where C is |z = 1|
5z4+2z4+42 iz

z=1$f@dz - 1)
1

1
T ¢ 22245242
1

f@2) = 22245242 22(z42)+(242)
1
T (@+2)(2z+1)
= —2 is a simple pole lies tside the circle

z= —% is a simple pole lies outside the circle
Residue for the simple pole at z = a

Reslf(2),a] = lim(z — a)f (2)

Res [f(z), —%] = limz_)(_ ) (z + ) [m]
1

™, (Z”l) [m]
S
2
Res [f(z) —= —1

Using Cauchy’s re51due theorem
Jo f(D)dz =2mi ¥ R; = 2mi G)

=§ni - (2)

/-\

IO

Using (2) in (1)

2m deé 1/2 .
[ ———==(cmi
0 5+4cos8 i\3



fZ” do 2
_— - Zr
o 5t4cosd 3

Topic of Lecture : Contour integration

Introduction : If f(x) = %.Considerl = [* f(x)dx where f(x) = ZE—; Where P(x), Q(x) are

polynomial,degree of Q(x) > 1+ P(x)
Then § f(z)dz = fjooo f(x)dx where C is the closed contour integrals consisting of semi circle
y of radius R, large enough to include all the polynomial f(z) and the real axis from -R to R

2 2 f)dx = $f(2)dz

Prerequisite knowledge for Complete understanding and learning of Topic :
1. Integral around the semi circular contour
2. Cauchy’s residue theorem

Detailed content of the Lecture:

Cauchy’slemma : II
If f(z) be auniformly continuous function such that |(z — a)f(z)| - 0 as

|(z—a))| » oo then fc f(z)dz - 0as R - o where cisacircle |(z—a)| =R

Jorden lemma :
If f(2) be a uniformly continuous functions suchthat |f(z)| — 0as |(2)| > o then [ e™ [ f(z)dz— OasR -
oo where c is the semicircle |(z)| = R above the real axis and m>0

o x2dx

Evaluate f_wm
Solution:

i 0 © x2 dx

Given f—oof(x)dx - f—OO (x2+a?)(x2+b2) "’
_ X
f( X ) - (x2+a2)(x2+b2)
A z2dz - e
Consider fc f(2)dz = fc TG where C is upper half semi circle r

bounded by diameter [-R,R]
f_RRf(X)dx +[ f@dz=[ f(2)dz- (1)

ZZ
(z2+a2)(z2+b2)
z

f(z) =

= (z+ai)(z—ai)(z+bi)(z—bi)



The poles z = ai, z=bi are simple poles which lies inside r
The poles z = -ai ,z = -bi simple poles which lies outside r
Residue of simple pole is Res [f(z) ,a] = lim,_,(z — a)f(2)
22

ReS[f(Z), al] =lim,_,; (Z - al)f(Z) = lim,_,; (Z - al) m
= l]m . 22 = (aL')Z = —az
220l (z4ai)(z2+b2) (ai+ai)[(ai)2+h2] (2ai)(—a%+b2)

Res[f(z),ai] = ——

2i(a2-b?2)
2
Res[f(z), bi] =lim,_;; (z — bi)f(2z) = lim,_;;(z — bi)m
72 _ (bi)? _ —b?
2Dl (24 02y(z4bi) | [(bi)2+all(z+bi)  (a2—b2)(2bi)
. —b

RES[f(Z),bI] :m

By using Cauchy’s residue theorem,
. , . a b
J. f(2)dz = 2mi[sum of the residues] = 2nl[2i(a2_b2) + @)

_ 2mi _ _ _
= W [a b] = [a b]

J. f@dz =25 (2)
Using (2) in (1)

=lim

"
(a—b)(a+b)

R T
fR fx)dx + fr f(2)dz = —(a )
IfR— o[ f(z)dz=0

ff(x)dx -t
- ab(a + b)

x2

Since f(x) = Zrad)x21bD)

f x2dx o
(x> +a?)(x2+b%) a+b

Topic of Lecture : Contour integration

Introduction : Evalution of the integrals of the form fjom f(x)cosmx dx (or) fjooo f(x)sinmx dx

Where f(x) = 0 as x > oo given f(x) = % is a rational function in x.

Prerequisite knowledge for Complete understanding and learning of Topic :
1. Cauchy'slemma II
2. Jorden lemma

Detailed content of the Lecture:

Cauchy’slemma : II
If f(z) be a uniformly continuous function such that |(z — a)f(z)| — 0 as

|(z—a))| = oo then fc f(z)dz » 0as R —» oo where cisacircle |(z—a)| =R

Jorden lemma :



If £ () be a uniformly continuous functions suchthat |f(z)| » 0as|(z)| » o then [ e™ [ f(z)dz— OasR -
oo where ¢ is the semicircle |(z)| = R above the real axis and m>0

d
Evaluate [* CE’;ZTI)"

Solution :

Let e™* = cos x + isin x R.Pe* = cos x

|.Pe™* = sinx
" J o eiax
I C(();Zafl)x =R.Pof [ G dx, f f()dx =R.Pof |, c>°(x2+1) dx
o ) d 0 iax
LGy =1Pof Logmgdx, Lo f@dx=1.Pof [

o (x2+1)
Consider [* f(2)dz = [, — L where C is the half of the semi circle r with
bounding diameter (-R,R)

R
f Feis = | r@dz+ | feodx >
Tiaz _R
T

(zz+1) (z+i)(z—i)
=-i is a double pole lies outside r

z =iisadouble pole lies inside r
Residue of simple pole is
Res [f(z),a] = lim,_,(z — a)f(z)
iaz i2q
Res [f(z),i ] = lim,_;(z — i)f () = lim,_;(z — )m lim,_; (ezﬂ) (em)

Res[f(z) ,i]="—
Hence by Cauchy’s residue theorem,

e—a
J f(2)dz = 2mi(sum of the residues) = 2mi( 57 )
c

J. f(@)dz=me™ - (2)
Using (2) in (1)

R
f f)dx +f f(@)dz =me ™
—R r
IfR— oo, [ f(2)dz=0
fjooo f(x)dx = me™

w0 X © cos ax+isin ax
[ dx=me™ [ ————d

— —a
0 (x2+1) -0 (x241) x=me
J‘” cosax dx 4 i ®  sinax 4 —a
———dx +1i ————dx =me
o X2+ 1) (X2 +1)

Equating real and imaginary parts we get

J‘” cosax d —a
———dx =me
(X2 + 1)



UNIT -V
Laplace Transform and Inverse Laplace Transform

Topic of Lecture : Laplace Transform - Basic properties

Introduction : The Laplace Transform method is a technique for solving linear differential
equations with initial conditions. It is commonly used to solve electrical circuit
and systems problems.

Prerequisite knowledge for Complete understanding and learning of Topic :
7. Laplace Transform
8. Integration
9. Differentiation

Detailed content of the Lecture:

1. Find the Laplace transform of f(t) =tcosht

L(tcosht)= %(L(cosht)) - %[528_1]

_ P D@—s@s) | —1-s |  s?41
N (s? —1)2 | (s2—1)? (s? —1)2

2. State and prove change of scale property in Laplace transform.

If L(f(t)) = F(s), then L(f(at)) = 1 F(Ej'
a la

L(f(at)) = J'e‘st f (at)dt
0

at=u t=0 u=0
adt=du t=c0 u=o0

L(f(at)) = jej f (u) %u
0

su

-1 e e fuau
a 0

L(f(at)) _1 F [Ej
a \a
3. State and prove the first shifting theorem on Laplace transforms.
If L(f(t)) = F(s)
L[e™f(t)] = '|'e‘5te‘at f (t)dt
0

o0

= j e G (t)dt

0



= F(s+a)
= [F(S)]SHSH
S LIET®)] = [FS)]sosta
4. Find the Laplace transform of te™ sint.

L(te" sint) = - di L(e" sint)
S

= . % [L(sint)]s—si

d 1

= s [SZT]HSH

_d 1

) _E[(s+1)2+1]

4 1

T ds 's? 42542
-1

- [(sz+23+2)2 (2s+2)]
2(s+1)

(s® +2s+2)?
5. Find L|cos?3t]

L|cos? 3t} L[M}
2

= % L[1+ cos6t]

1{1 s }
= — —-|- 5
2ls s?+36

Video Content / Details of website for further learning (if any):
https://www.youtube.com/watch?v=W8pYelTi9bQ

Important Books/Journals for further learning including the page nos:

1. Dass, H. K., and Er. Rajinish Verma, “Higher Engineering Mathematics”, S. Chand
Private Ltd., (2011) Page No: 9.3-9.12

2. B.S.Grewel, higher Engineering Mathematics, Khanna Publishers, New Delhi, 2015
Page No: 726-735

Topic of Lecture : Basic properties, Transforms of derivatives integrals Periodic functions

Introduction : Let a function f(t) be continuous and defined for positive values of t. The Laplace
transformation of f(t) associates a function s defined by the equation

L] = Fs) = [ e forde

0
Here, F(s) is said to be the Laplace transform of f(t) and it is written as L[f (t)] or L(f) .


https://www.youtube.com/watch?v=W8pYeITi9bQ

Thus, F(s) = LIf(t)]
LIf®]I=F(s) = f e St f(t)dt, t >0

0

Prerequisite knowledge for Complete understanding and learning of Topic :
10. Periodic function
11. Integration

Detailed content of the Lecture:
Find the Laplace Transform of triangular wave function

t ,0<t<a .
FO~3q a<t<zg MNFE+20) =10
Solution:
1 2a _
LILO) = o [ e F0) e
= Lo [letrdr+ [ et Qa—tydt] oo (A)
a
f e Sttdt = [uv]¢ — [uv,]g + ..
0
v=est
u=t e~ st e—as
v = [uv, 1§ -0
=) e
t - (_S?zs
u=1 es , e~ 1
Uy = (—s)? [uv,]§ = 2 52
a g _ae™® _ e™% r
@ = Jo et tdt = o 2 te ()
T R O R 20 o TR - S—— 3)
v=e St
u=2a-t e—st } 2e-
v = [uv]3* =0 — —
=) D
— s
u =-1 e~st o —_e~2as  g-as
V2 =5y [uv e = —5—+—7
Q) = fza -st(2a — t) dt _aet +e_2“_ e @)
o ¢ (Za-pdt="= ()2 (-s)2
1 —qe ~4s e—as 1 ae ~9S e—Zas e—as
(A) SLFOl = [ - S -
1 1—2e7% 4+ e—Zas
= 1-— e—Zas SZ



1 (1—e ®)?
B 5_2(1 —e B )(1+ e )

11-e®
S s2l4e
6_,—0 _,—20
We Know that, tanhg =S =12 _
ef+e0 1+e—20
Here, 29=as=>9=§
LIF@®)] = —tan ™
f T 52 an 2

Video Content / Details of website for further learning (if any):
https://www.youtube.com/watch?v=W8pYelTi9bQ

Important Books/Journals for further learning including the page nos:

3. Dass, H. K., and Er. Rajinish Verma, “Higher Engineering Mathematics”, S. Chand
Private Ltd., (2011) Page No: 9.3-9.12

4. B.S.Grewel, higher Engineering Mathematics, Khanna Publishers, New Delhi, 2015
Page No: 726-735

Topic of Lecture : Periodic functions

Introduction : A function f(t) is said to be periodic function with period ‘p’ if for all t,
F(t+p) = f(t) , where ‘p’ is a positive constant. The least value of p>0 is called the period of f(t).
Example:
1. tantis periodic function with period 2
2. sin 2t is periodic function with period n
Prerequisite knowledge for Complete understanding and learning of Topic :
12. Integration
13. Laplace Transform

Detailed content of the Lecture:

sinwt,0 <t <=

Find the Laplace transform of the Half-sine wave rectifier function (t) = . o

. 0, =<t<—
Solution:

The given function is a periodic function with period 2:” in the interval (0, Zw—”)
2m

1 )
LIf®)] = ——= et f(t)dt

l1—e o 70

= ﬁ [fg e sinwt dt + 0]

l-e o


https://www.youtube.com/watch?v=W8pYeITi9bQ

We know that the formula [ e sin bx dx = % [a sin bx — b cos bx]

Here we apply this formula , We get

™

1 —st i —
[—ssinwt — w cos wt]j ]

_ e
- 271s [
l1-e o

s24w?2

—ST[
1 e w wtw
_Zns[ 2402 ]
l-e o

*ST[
w[l+e o

T

w

Lif®)] = ——==

(sZ+w?)(1-e @ )

Find L [
Solution:

cos at —cos btl

cosat — cos bt
e

. = f L[cos at — cos bt] ds

_J‘w[ N _ N ]ds
B ¢ ls2+a? S24Dp?

1 2 2 2 2y7%
=E[log(s + a*) —log(s* + b?)]2
_11 s + a?]”

) Og52+b23

_1 0—1 s +q?
2 B2

L cosat—cosbt] 1 s? +a?
t 2|82y b2

Video Content/ Details of website for further learning (if any):

https://www.youtube.com/watch?v=MLSfh33ZCwE

Important Books/Journals for further learning including the page nos:

5. Dass, H. K., and Er. Rajinish Verma, “Higher Engineering Mathematics”, S. Chand
Private Ltd., (2011) Page No: 9.63-9.73
6. B.S.Grewel, higher Engineering Mathematics, Khanna Publishers, New Delhi, 2015

Page No: 736-748


https://www.youtube.com/watch?v=MLSfh33ZCwE

Topic of Lecture : Periodic functions

Introduction : A function f(t) is said to be periodic function with period “p’ if for all t,
F(t+p) = f(t) , where p’ is a positive constant. The least value of p>0 is called the period of £(t).
Example:
3. tantis periodic function with period 2m
4. sin 2t is periodic function with period m
Prerequisite knowledge for Complete understanding and learning of Topic :
14. Integration
15. Laplace Transform

Detailed content of the Lecture:

sinwt,0 <t < z

Find the Laplace transform of the Half-sine wave rectifier function (t) = x o

. 0, = <t< -
Solution:

The given function is a periodic function with perlod “in the interval ( Z)

LIf(®)] = ——= f @ gt f(t)dt

l—-e o

:ﬁ[foze_“ sinwt dt + 0]

l-e
We know that the formula [ e sin bx dx = % [asin bx — b cos bx]

Here we apply this formula , We get

T

1 —st i n
= —= [-— [~s sinwt — w cos wt]§ ]
loe @ s“+tw
—sm
_ 1 e w w+w
B 1—e_2¢uﬂ[ s24w? ]
—ST[
w[l+te o
—Sm —ST
[1 e w Hl+e 2 ]s +w?]
L[f(t)] = %

(s24+w2)(1—e @ )

Find L [
Solution:

cos at —cos bt]

cos at — cos bt
e

. ] = f L[cos at — cos bt] ds

:J; [szj—aZ_Szj—bz]ds

1
= E[log(s2 + a?) —log(s? + b?)]?



cosat —cosht] 1 s? +a?
L —] = g

“llog——
t 2 s2 + b2

Video Content/ Details of website for further learning (if any):

https://www.youtube.com/watch?v=MLSfh33ZCwE

Important Books/Journals for further learning including the page nos:

7. Dass, H. K., and Er. Rajinish Verma, “Higher Engineering Mathematics”, S. Chand
Private Ltd., (2011) Page No: 9.63-9.73

8. B.S.Grewel, higher Engineering Mathematics, Khanna Publishers, New Delhi, 2015
Page No: 736-748

Topic of Lecture: Laplace Transform - Partial Fraction Method

Introduction : The Laplace Transform method is a technique for solving linear differential
equations with initial conditions. It is commonly used to solve electrical circuit
and systems problems.

Prerequisite knowledge for Complete understanding and learning of Topic:
( Max. Four important topics)

1. Partial Fraction

2. Trigonometry

3. Integration

Detailed content of the Lecture:

. -1 1-s
1. Find L (s+1)(s%+4s+13)

Solution:

1-—s _ A + Bs+c
(s+1)(s2+45+13) s+1 s2+4s+13

1-s=A(s? +4s+13) + (Bs + c)(s + 1)
2=10A
A=
Equating coefficient of s?,


https://www.youtube.com/watch?v=MLSfh33ZCwE

B=-A
~1
B=%
Equating contant coefficient,
13A+C=1
_,13 _ -8
Cl5 =5
1 —
1-s __5 Y5555
(s+1D(s?+4s+13) s+1 s2+4s+13
1 1-s 1 1 1 s+8
— - b
(s+1)(s2+4s+13)] 5 s+1] 5 s2+4s+13

1y 1,_q[ s+2+6
—lgt_1; ]

5 5 (s+2)249
— e_t _l -1 s+2 ] _lL_l [ 6 ]
5 (s+2)2432 5 (s+2)2432
1 ¢ 1—2t—1[$] 6—2t—1[1]
=-e '—=-e 'L |5—=|—=-e"""'L
5 5 s2+32 5 s2+32

_2¢ sin 3t

1 4 1 _o 6
=-e'—-e"“'cos3t—-e
5 5 5 3

1, 1 2 o .
=ce t—ge 2fcosSt—Ee 2t sin 3t

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=XIfaRY-DDuk

Important Books/Journals for further learning including the page nos.:

1. Dass, H. K., and Er. Rajinish Verma, “Higher Engineering Mathematics”, S. Chand
Private Ltd., (2011) Page No: 9.81-9.83

Topic of Lecture:
CONVOLUTION THEOREM



https://www.youtube.com/watch?v=XIfaRY-DDuk

Introduction : ( Maximum 5 sentences)
“Reverse, shift, multiply and integrate” technique is called convolution.
The convolution of two function f (t) and g (t) is defined as

f()*9®=f, FOg(t — u) du

Prerequisite knowledge for Complete understanding and learning of Topic:
( Max. Four important topics)
4. Partial Fraction

5. Trigonometry
6. Integration

Detailed content of the Lecture:

2. Using convolution theorems find ; —1 [ s ]
(s®2+a?)?
Solution:

LF(s) G(s)] "L7Y[F(s)] ~ L7G(s)]

L [(sz-l-saz)z] L2 [(Sz‘ls'az)] o [(52"1'—“2)]
N e e e

= cosat * %sin at

=§ [cosat * sinat]

= Lafot cos au sin(t — u) du

1t
= ;fot sin(at — au) cos au du

_ 1ft sin (at —au +auw )+ sin (at —au —au ) du
a”0 2

= ifot[sin at + sina(t — 2u)] du

2a
—cos a(t—Zu))]

S
= [(sm at)u + ( —



_ 17 . cos a(t—Zu))]
= _u(sm at) + (—Za
_ 17, . cos at) cos at
_Za_tSIHat-I_(Za ) (0+ 2a )]
=L —t sinat + cos at  cos at]

2al 2a 2a

1 .
=— t sinat

2a

Video Content/ Details of website for further learning (if any):
https://www.youtube.com/watch?v=6X1X5Z3ZMHQ
https://www.youtube.com/watch?v=bfWul4Ny-tc

Important Books/Journals for further learning including the page nos.:

2. Dass, H. K., and Er. Rajinish Verma, “Higher Engineering Mathematics”, S. Chand
Private Ltd., (2011) Page No: 9.81-9.83

Topic of Lecture:
CONVOLUTION THEOREM

Introduction :

In mathematics, the convolution theorem states that under suitable conditions the
Fourier transform of a convolution of two signals is the pointwise product of their Fourier
transforms. In other words, convolution in one domain (e.g., time domain) equals point-wise
multiplication in the other domain (e.g., frequency domain). Versions of the convolution theorem
are true for various Fourier-related transforms. Let f and g be two functions with
convolution f *g.

Prerequisite knowledge for Complete understanding and learning of Topic:
7. Partial Fraction

8. Trigonometry
9. Integration

Detailed content of the Lecture:

2
1. Find the Laplace inverse of % 2 % using convolution theorem.
s“ +a
2
. ; -1 S — -1 N S
Solution: L [(sz+a2)2] L [sz+a2 ' 52+a2]

= cosat * cosat
= fot cosau cosa(t —u) du = fot cos au cos(at — au) du

= %fot[cos(au + at — au) + cos(au — at + au)]du


https://www.youtube.com/watch?v=6XIX5Z3ZMHQ
https://www.youtube.com/watch?v=bfWu14Ny-tc

= %fot[cos at + cos(2au — at)] du

sin(2au — at)
2a

_ l[(t cos at + sin at) _ (0 __sin at)]
2 2a 2a

= %[(t cos at + M)]

a

1
=5 [(cos at)u +

1.
= [sin at + at cos at]

2
2. Find L1 [(szmz;m] using convolution theorem.

Solution:

2
N [(s2 + a2§(52 + bz)] =1 [(sz j—az) (52 j—bz)]

=L [52 -T— az] * L7 [52 -IS- bz]

= cosat * cos bt

= fot cosau cosb(t —u) du

t
= f cosau cos(bt — bu) du
0

1 t
= zf [cos(au + bt — bu) + cos(au — bt + bu)] du
0

N =

[ cosAcosB = =[cos(4 + B) + cos(4 — B)]]

= 1jt[cos[(a — b)u + bt] + cos[(a + b)u — bt]] du

sm[(a - b)u + bt] sin[(a + b)u — bt]
-l e

1 [(sm(at — bt + bt) N sin(at + bt — bt)) (sin bt sin bt)]
=2 _

a—b>b a+b a—b a+b
[~ sin(—6) = —sin(0)]
1rsinat sinat sinbt sinbt
zf,a—b+a+b_a—b+a+b
17 . 1 1 1 1
=5 lsinat (=5 + o5p) + 5ot (55~ =)
1r1 . 2a . -2b
=3 _sm at <—a2 — bz) + sin bt (—az — b2>]

a sinat — b sin bt
_ —




Video Content / Details of website for further learning (if any):
https://www.youtube.com/watch?v=6XIX5Z3ZMHQ
https://www.youtube.com/watch?v=bf\Wul4Ny-tc

Important Books/Journals for further learning including the page nos.:
32. Dass, H. K., and Er. Rajinish Verma, “Higher Engineering Mathematics”, S. Chand
Private Ltd., (2011) Page No: 9.81-9.83
Topic of Lecture:
CONVOLUTION THEOREM

Introduction :

“Reverse, shift, multiply and integrate” technique is called convolution.
The convolution of two function f (t) and g (t) is defined as

f(O)*9®=f, FDg(t — u) du

Prerequisite knowledge for Complete understanding and learning of Topic:
10. Partial Fraction

11. Trigonometry
12. Integration

Detailed content of the Lecture:

CONVOLUTION THEOREM

Convolution theorem:
Statement: If f (t) and g (t) are functions defined for t=0,

then L' [f(t)*g ()] =L""[f(®)] L7 [g (1)]

. . . -1 s
1.Using convolution theorem find L [ ]
g (s2+a?)(s2+b?)

Solution:

L™ [(sz+a2)s(sz+b2)] - L-l[(sziaz)] * L-l[(szibz)

1.
= CO0S at*;sm bt

1 ot .
=;f0 cosausinb(t —u) du

= %fot sin(bt — bu) cos au du

= o5 JyTsin(bt — bu +au) + sin(bt - bu — aw)] du


https://www.youtube.com/watch?v=6XIX5Z3ZMHQ
https://www.youtube.com/watch?v=bfWu14Ny-tc

1t

=—J, [sin[bt + (a — b)u + sin[bt — (a+ b)u] du

_1 [—cos bt+(a—b)u]  cos bt —(a+b)u]
T 2b a—b —(a+b)

=1 —cos at cos at —cos bt cos bt
ol (Grraery R G|
2b a+b a+b a—b a+b

-1 1 1 1 1
o7 |cosat | =5 — | = cos bt | - =]

=11 1
E[E_E] [cos at — cos bt]

=1 [a—b—a-b
— |————] [cos at — cos bt
Zb[ a?—b? ][ ]
= cos at—cos bt
b2_a2

Video Content / Details of website for further learning (if any):
https://www.youtube.com/watch?v=6XIX5Z3ZMHQ
https://www.youtube.com/watch?v=bfWul4Ny-tc

Important Books/Journals for further learning including the page nos.:
1. Dass, H. K., and Er. Rajinish Verma, “Higher Engineering Mathematics”, S. Chand

Private Ltd., (2011) Page No: 9.81-9.83

Topic of Lecture:
APPLICATION TO SOLUTION OF LINEAR ODE OF SECOND ORDER WITH CONSTANT CO-EFFICIENTS

Introduction : ( Maximum 5 sentences)
A solution of a differential equation is a function that satisfies the equation. The solutions of a
homogeneous linear differential equation form a vector space. In the ordinary case, this vector
space has a finite dimension, equal to the order of the equation.
Prerequisite knowledge for Complete understanding and learning of Topic:

13. Laplace Transform

14. Inverse Laplace Transform

15. Partial Fraction Method


https://www.youtube.com/watch?v=6XIX5Z3ZMHQ
https://www.youtube.com/watch?v=bfWu14Ny-tc

Detailed content of the Lecture:
APPLICATION TO SOLUTION OF LINEAR ODE OF SECOND ORDER WITH CONSTANT CO-EFFICIENTS

Formula:

LIy )] = s Lly(®)] = (0)

LIy'®] = s* Lly(®)] = sy(0) — y'(0)

Ly ] = s* Ly(®)] = s*y(0) — sy'(0) — y"(0)

1. Solve by using L.T. (D*+9) y = cos2t, given that ify (0) =1,y () = -1.
Solution:
(D?+9) y = cos2t
y () + 9y(t) = cos2t
LIy (®]+9L[y ()] = L[cos2t]

[S’LLy (0] -5y (0) -y (O] + 9Ly 0] = [-]
[S2LLy (0-s-K1 + 9Ly (0] = [5=]

[given: y (0) =1-y (0)=k]
(s+9) LIy (0] - s- k= [~

()Ll (0] =[] +s+k
LIy (0] = [(sz+4)s(sz+9)] @)
T . _ l s s
Hint. [(sz+4)(s2+9)] " 5 [sz+4 s2+9]
[ s ] _1 s 1 s
(s2+4)(s249)] ~ 5 s2+4 5 s2+9
_1 s _1_ s s k
(1) ------- L[y (t)] " 55244 5 5249  s249 5249
l S 4_ s k
5s24+4 5 5249 5249
_l -1 S i — s
"5 L [52+4]+ 5 L~ [2+9] kL™ [s2+4]
=§C082t+ %c033t+551n3t ———————————————————— (2)
Given: y(%) =-
1 4
y(3) = D+ (O +3 (-1
- _1_k
- 5 3



_ 12
=5

1 4 4
(2) ------- y (t) =z cos 2t + : cos 3t + 3 sin 3t

Video Content/ Details of website for further learning (if any):
https://www.youtube.com/watch?v=3KtUt78p9a4
https://www.youtube.com/watch?v=iQoAbO_xIFs

Important Books/Journals for further learning including the page nos.:
1. Dass, H. K., and Er. Rajinish Verma, “Higher Engineering Mathematics”, S. Chand
Private Ltd., (2011) Page No: 9.96-9.108

Topic of Lecture: APPLICATION TO SOLUTION OF LINEAR ODE OF SECOND ORDER WITH
CONSTANT CO-EFFICIENTS

Introduction :

A solution of a differential equation is a function that satisfies the equation. The solutions
of a homogeneous linear differential equation form a vector space. In the ordinary case, this
vector space has a finite dimension, equal to the order of the equation.

Prerequisite knowledge for Complete understanding and learning of Topic:
16. Partial Fraction
17. Laplace transform
18. Inverse Laplace transform

Detailed content of the Lecture:
1. Using Laplace transform solvey” —3y + 2y =e* giveny(0)=1,y (0) = 0.
Solution:

Given:y —3y +2y=¢"
(ie.)Lly ]1-3L[y(t)]+2L[y®]=L[e"]
[S°Lly ()] -sy (0) -y (0)] -3 [s Ly ()] + 3 [y (0)] +2L[y (t)] = [
Given:
y(©)=1
y(©)=0

(1) > SLIYWO] - 35 Ly®] +3 + 2 Ly(®)] = [

1
s+1

------- ®

(%-3s+2) L [y()] = [ﬁ] +5-3

1+s245-35-3
(s-1)(s-2) L [y(t)] = Ssi—ls
_ 52—25—2
- s+1
_ s2-25-2
LYO = a6 s

s2-25-2 _ A N B, C
(s—D(s+1)(s—2) S-1 S+1 5-2


https://www.youtube.com/watch?v=3KtUt78p9a4
https://www.youtube.com/watch?v=iQoAbO_xlFs

(s°-25-2) =A(s-2) (s+1) + B (s-1)(s-2) + ¢ (s-1)(s+1)

Puts =1, we get puts = -1, we get put s =2, we get
1-2-2=A(1) (2 1+2-2 =B (-2)(-3) 4-4-2 =C(1)(3)
-3=-2A 1=6B -2=3C
A=3/2 B=1/6 C=-213
_______ _@/2) /e, (=2/3)

(2) > LIyl = 5—1 + S+1 + )

3 ._ 1 1, 1 2 1
vo=31 [l S S

y(t)=ziet+6le‘t+ 33e2t

Video Content / Details of website for further learning (if any):

https://www.youtube.com/watch?v=3KtUt78p9a4
https://www.youtube.com/watch?v=iQoAbO xIFs

Important Books/Journals for further learning including the page nos.:
1. Dass, H. K., and Er. Rajinish Verma, “Higher Engineering Mathematics”, S. Chand
Private Ltd., (2011) Page No: 9.96-9.108


https://www.youtube.com/watch?v=3KtUt78p9a4
https://www.youtube.com/watch?v=iQoAbO_xlFs

